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1. Introduction

Given a probability measure µ on a group G, we will study asymptotic behavior
of the random variables

g1g2 · · · gn
where the gi are independent identically distributed elements of G each with dis-
tribution µ.

In the rest of this section we will briefly outline what is covered in these lecture
notes. Much of our initial discussion will be based on the books of Lalley [Lal23]
and Benoist–Quint [BQ16].

Part # 1: The toolbox. In the first part of the course we will develop a tool box
for studying random products. This includes introducing some important theorems
from ergodic theory and developing a theory of stationary measures.

Part # 2: Random walks on linear groups. In Part #2 we consider a probabil-
ity measure µ on SL(d,R) and let g1, g2, . . . be independent identically distributed
elements each with distribution µ. We will be primarily interested in studying the
asymptotics of the singular values of

g1 · · · gn
as n → +∞.

Recall that every g ∈ SL(d,R) has a singular value decomposition g = kaℓ where
k, ℓ ∈ SO(d),

a =

σ1(g)
. . .

σd(g)

 ,

and σ1(g) ≥ σ2(g) ≥ · · · ≥ σd(g) are the singular values of g.
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Warning! The singular values are unique, but the orthogonal matrices in the
singular value decomposition are not. For instance, let

M := {diag(±1, . . . ,±1)} ∩ SL(d,R).

Now, if g = kaℓ is a singular value decomposition, then so is g = (km)a(mℓ) for all
m ∈ M.

Let ∥g∥ = σ1(g) denote the operator norm of an element g ∈ SL(d,R). As a
corollary to the Kingman Ergodic Theorem, we will prove the following.

Theorem 1.1 (see Theorem 5.5 below). If∫
SL(d,R)

log ∥g∥ dµ(g) < +∞,

then for 1 ≤ p ≤ d− 1, the number

λp(µ) := lim
m→∞

1

m

∫
G

log σp(g)dµ
∗m(g)

is called the pth-Lyapunov exponent of µ and satisfies

lim
n→∞

1

n
log σp(g1 · · · gn) = λp(µ) = lim

n→∞

1

n
log σp(gn · · · g1)

almost surely.

By definition one has

λ1(µ) ≥ λ2(µ) ≥ · · · ≥ λd(µ)

and we will show when the support of the measure generates a Zariski dense group,
there is strict inequalities between each Lyapunov exponent.

A subgroup H ⊂ SL(d,R) is Zariski dense if, viewing SL(d,R) ⊂ Rd2

, whenever

P : Rd2

→ R is a polynomial vanishing on H, then P also vanishes on SL(d,R).
Being Zariski dense is quite mild and is, in some sense, a generic condition.

Example 1.2. We can view SL(d,R) is a smooth submanifold of Rd2

. If λ is a prob-
ability measure on SL(d,R) which is induced by a smooth volume form and X,Y
are independent identically distributed elements of SL(d,R) each with distribution
λ, then

Pr(X,Y generate a Zariski dense subgroup) = 1.

For details see [Bre08, Lemma 6.8].

Theorem 1.3 (Gol’dshĕid–Margulis [GM89]). If

•
∫
SL(d,R) log ∥g∥ dµ(g) < +∞ and

• the group generated by supp(g) is Zariski dense,

then

λ1(µ) > λ2(µ) > · · · > λd(µ).
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Part #3: Random Walks on Gromov Hyperbolic Spaces. In this part we
will consider random walks on the isometry group Isom(X) of a proper metric space
X. In particular, we consider a probability measure µ on Isom(X) and let g1, g2, . . .
be independent identically distributed elements each with distribution µ. We will
be primarily interested in studying the asymptotics of the orbits of

g1 · · · gn(x0)

as n → +∞, where x0 ∈ X is some basepoint.
As a corollary to the Kingman Ergodic Theorem, we will prove the following.

Theorem 1.4 (see Theorem 5.3 below). If x0 ∈ X and∫
Isom(X)

dX(x0, gx0)dµ(g) < +∞,

then there exists a number Lµ ≥ 0, called the linear drift of µ, such that

lim
n→∞

1

n
dX(x0, g1 · · · gn(x0)) = Lµ

almost surely.

The main goal of this part of the notes is to prove that linear drift is positive when
X is a proper geodesic Gromov hyperbolic metric space and the group generated
by the support of probability measure is “non-elementary.”

So, let X be a proper geodesic Gromov hyperbolic metric space. Then X has a

natural compactification X
G
= X ⊔ ∂GX called the Gromov compactification. The

isometry group extends continuously to this compactification and a semigroup
H ⊂ Isom(X) is non-elementary if

(1) There are no H-invariant subsets in ∂GX with cardinality 1 or 2.
(2) Every (some) orbit of H in X is unbounded.

We will prove the following.

Theorem 1.5 (see Theorem 19.1 below). Suppose the semigroup generated by
supp(µ) is non-elementary. Then:

(1) If x0 ∈ X, then
lim
n→∞

g1 · · · gn(x0)

exists and is in ∂GX almost surely.
(2) If

∫
Isom(X)

d(o, g(x0))dµ(g) < +∞ for some (any) x0 ∈ X, then the linear

drift is positive.

For more properties of random walks in this context, see Maher–Tiozzo [MT18]
(who prove much more and consider non-proper Gromov hyperbolic spaces).

The proof we provide for Theorem 1.5 uses an integral formula for the linear drift
due to Karlsson–Ledrappier [KL11] and is very similar to the proof of Theorem 1.3.

Part #4: Random walks on finitely generated groups. In Parts 4 through 6,
we consider a probability measure µ on a finitely generated group Γ. As before, we
let g1, g2, . . . be independent identically distributed elements each with distribution
µ. The random variable

g1 · · · gn
describes the n-th step of a random walk on Γ starting at the identity with step
distribution µ.
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The main result of this part proves that when Γ is non-amenable, the random
walk always has positive linear drift.

Theorem 1.6 (see Theorem 26.1 below). Suppose dS is a word metric on Γ and
µ induces an irreducible random walk. If Γ is non-amenable, then the linear drift

Lµ := lim
n→∞

dS(id, g1 · · · gn)
n

is positive (possibly equal to +∞).

Remark 1.7. Notice that we do not assume that
∫
dS(id, g)dµ(g) < +∞ in this

theorem.

We also introduce the Green metric associated to a random walk and establish
some of its basic properties (see Section 28).

Part #5: The Martin Boundary. In this part we introduce the Martin com-

pactification Γ
M

= Γ ⊔ ∂MΓ associated to to a probability measure µ on a finitely
generated group Γ where the associated random walk is irreducible and transient.
The two main results we establish are

(1) Every positive harmonic function can be described by an integral over the
Martin boundary.

(2) A random walk almost surely converges to a point in the Martin boundary.

(see Theorems 32.1 and 29.3)

Part #6: The Martin Boundary of a word hyperbolic group. In this
part, we consider a word hyperbolic group Γ with a finitely supported probability
measure µ whose support generates Γ as a semigroup. In this case, we prove that
the Gromov boundary coincides with the Martin boundary.

This result is originally due to Ancona [Anc88, Anc87], but the proof we pro-
vide is based on recent work of Gekhtman–Gerasimov–Potyagailo–Yang [GGPY21]
which extends Ancona’s results to relatively hyperbolic groups.

Dependencies.

• Part 2 uses the main results from Part 1.
• Part 3 is independent of Part 2 and uses the main results from Part 1.
• Part 4 is essentially independent from Parts 1, 2, and 3, and only uses the
notation introduced in Section 3.

• Part 5 requires Part 4, except for Section 26 and the discussion of the Green
metric in Section 28.

• Part 6 requires almost all of Parts 4 and 5.

Part 1. The toolbox

2. The Birkhoff ergodic theorem

In this section we define ergodicity and state the Birkhoff ergodic theorem, for
more background on ergodic theory see the discussion in Lalley’s book [Lal23] or
standard texts in ergodic theory [EW11, Wal82].
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For the rest of the section fix a measurable space (X,A) and a measurable map
T : X → X (i.e. T−1(A) ∈ A for all A ∈ A). Given a measure λ on (X,A) the
push-forward of λ under T is the measure

T∗λ(A) = λ(T−1A).

Definition 2.1.

• A measure λ is T -invariant if T∗λ = λ.
• A finite T -invariant measure λ is ergodic if every measurable set A with
T−1(A) = A has either zero or full measure.

There are a number of basic equivalences.

Observation 2.2. Suppose λ is a finite T -invariant measure. Then the following
are equivalent:

(1) λ is ergodic.
(2) Every measurable subset A ⊂ X with λ(A∆T−1A) = 0 either has zero or

full measure.
(3) Every measurable function f : X → R with f ◦ T = f almost everywhere

is constant almost everywhere.

Remark 2.3. A∆B = (A−B) ∪ (B −A) is the symmetric difference.

Remark 2.4. When the measure is fixed, we often say that a measurable function
f : X → R is T -invariant if f ◦ T = f almost everywhere and that a measurable
set A ∈ A is T -invariant if A∆T−1A has measure zero.

Proof. (1) ⇒ (2). Let

A′ := {x : T jx ∈ A for infinitely many j} =
⋂
m≥1

⋃
j≥m

T−jA.

Then T−1A′ = A′ and hence A′ either has full or zero measure. Thus it suffices to
show that λ(A′∆A) = 0 (which implies that λ(A) = λ(A′)).

First notice that

λ(A∆T−jA) ≤
j−1∑
i=0

λ(T−iA∆T−(i+1)A) =

j−1∑
i=0

λ(T−i(A∆T−1A)) =

j−1∑
i=0

λ(A∆T−1A) = 0.

Then

λ(A∆ ∪j≥m T−jA) ≤
∞∑

j=m

λ(A∆T−jA) = 0.

Finally, using monotonicity,

λ(A∆A′) = lim
m→∞

λ(A∆ ∪j≥m T−jA) = 0.

(2) ⇒ (3). For c ∈ R, let Ec := {x ∈ X : f(x) ≥ c}. Then, since f ◦ T = f
almost everywhere, λ(Ec∆T−1Ec) = 0 and so Ec either has zero or full measure.
Thus f = sup{c : Ec has full measure} almost everywhere.

(3) ⇒ (1). If T−1A = A, then 1A ◦ T = 1A. Hence 1A is constant almost
everywhere, which implies that A either has zero or full measure. □

Ergodic systems have the following remarkable property.
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Theorem 2.5 (Birkhoff Ergodic Theorem). Suppose T : (X,λ) → (X,λ) is ergodic.
If f ∈ L1(X,λ), then

lim
n→∞

1

n

n−1∑
j=0

f(T jx) =
1

λ(X)

∫
fdλ

for almost every x ∈ X.

Proof. For a proof of Birkhoff’s theorem see any of [Lal23, EW11, Wal82]. □

Birkhoff’s theorem states that for ergodic systems, the average of f along a
generic orbit coincides with the average value of f .

Using Birkhoff’s theorem we will provide a geometric description of the ergodic
probability measures (it is also possible to prove this directly). Let PT (X) denote
the set of T -invariant probability measures, which is a convex subset of the space
of all probability measures.

Proposition 2.6. A T -invariant probability measure λ is ergodic if and only if it
is an extreme point of PT (X), i.e. if λ = tλ1 + (1 − t)λ2 where 0 < t < 1 and
λ1, λ2 ∈ PT (X), then λ = λ1 = λ2.

Proof. (⇐). Suppose for a contradiction that T−1A = A for some measurable set
with λ(A) ∈ (0, 1). Let λ1 = 1

λ(A)λ(A ∩ ·) and λ2 = 1
λ(Ac)λ(A

c ∩ ·). Then

λ = λ(A)λ1 + (1− λ(A))λ2

and both measures are T -invariant. So λ = λ1 = λ2. Since λ1, λ2 are singular this
is impossible.

(⇒). Suppose λ = tλ1 + (1 − t)λ2 where 0 < t < 1 and λ1, λ2 ∈ PT (X).
Since each λi is absolutely continuous with respect to λ, any set with full or zero
λ-measure has full or zero λi-measure. Thus each λi is ergodic.

Fix a measurable subset A ⊂ X, then applying Birkhoff’s theorem we have

1

N

N−1∑
j=0

1A(T
jx) → λi(A)

for λi-almost every x. However, applying Birkhoff’s theorem we also have

1

N

N−1∑
j=0

1A(T
jx) → λ(A)

for λ-almost every x. Since λi ≪ λ, we can fix x satisfying both conditions. Hence
λi(A) = λ(A). Thus λi = λ.

□

2.1. Existence of ergodic measures. Suppose Y is a compact metrizable space
and T : Y → Y is continuous. We will show that there exists an ergodic probability
measure. Let P(Y ) denote the space of Borel probability measures on Y with the
weak-∗ topology, i.e.

µn → µ ⇐⇒
∫

fdµn →
∫

fdµ

for all continuous functions f : Y → R. With this topology, P(Y ) is compact.

Proposition 2.7. If y0 ∈ Y and µn := 1
n

∑n−1
j=0 δT jy0

, then any weak-∗ limit point

of {µn} is T -invariant.
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Proof. Suppose µnj
→ µ. Then

T∗µnj =
1

nj

nj−1∑
j=0

δT j+1y0
= µnj +

1

nj
δTnj y0

− 1

nj
δy0 .

Taking j → ∞ we get T∗µ = µ. □

Corollary 2.8. There exists a probability measure on Y which is ergodic with
respect to T .

Proof. Let PT (Y ) denote the T -invariant measures. Then PT (Y ) is a non-empty
convex subset of a reasonable vector space (the dual of continuous functions on
Y ) and hence by the Krein–Milman theorem PT (Y ) has extreme points. So by
Proposition 2.6, there exists a probability measure on Y which is ergodic with
respect to T . □

2.2. Examples. We just mention a few ergodic systems (which will never be dis-
cussed again in this class).

(1) Let S1 ⊂ C be the unit circle and let λ be the pushforward of the Lebesgue
measure under the map θ ∈ [0, 2π] 7→ eiθ ∈ S1. Then let T : S1 → S1 be
rotation by a number 2πα with α irrational, i.e. T (eiθ) = ei(θ+2πα). Then
T is ergodic with respect to λ.

(2) Let T = R2 /Z2 be the Torus and let λ be the pushforward of the Lebesgue
measure restricted to [0, 1]×[0, 1] under the map (x, y) 7→ (x, y)+Z2. Given
g ∈ SL(2,Z) define Tg : T → T by

Tg((x, y) + Z2) = g(x, y) + Z2 .

If g has no eigenvalue with modulus one, then Tg is ergodic with respect to
λ.

In both cases, one verifies ergodicity using the Fourier series!

3. The mathematical setup for studying random walks

Delaying some definitions, our usual setup/notation is the following:

• G is a second countable locally compact Hausdorff topological group.
• µ is a Borel probability measure on G.
• Ω = GN (i.e. sequences in G), which we can interpret as the space of all
possible random products. We use g = (g1, g2, . . . ) to denote an element of
Ω.

• F is the product sigma algebra on Ω.
• β = µ⊗N is the product probability measure on Ω.
• wn : Ω → G is the map wn(g) = g1 · · · gn.
• µ∗n is the n-fold convolution of µ.

We now explain the words used above.

Topological groups. A topological group G is a group which is also a topological
space where multiplication (g, h) ∈ G×G 7→ gh ∈ G and inversion g ∈ G 7→ g−1 ∈
G are both continuous.

The conditions “second countable locally compact Hausdorff” imply that the
topology is metrizable and hence every Borel measure is regular.



RANDOM WALKS ON GROUPS 9

We will almost always consider the case when G is a countable group with the
discrete topology or when G = SL(d,R), which has the subspace topology from the

natural inclusion SL(d,R) ⊂ Rd2

.

The product sigma-algebra on Ω = GN. A subset C ⊂ Ω is called a cylinder if

C =
∏

Ci,

each Ci is a Borel measurable subset of G, and the set {i : Ci ̸= G} is finite.
The product sigma algebra on Ω is the smallest sigma algebra containing all of the
cylinders.

Since G is second countable, the product sigma-algebra on GN coincides with
the Borel sigma algebra with respect to the product topology on GN.

The product probability measure on Ω = GN. The measure β = µ⊗N is the
unique probability measure (defined on the product sigma algebra) where β(C) =∏

µ(Ci) for every cylinder C =
∏

Ci.

Convolutions of measures. The convolution, denoted λ∗ν, of two measures λ, ν
on G, is a measure on G defined by

λ ∗ ν =

∫
G

g∗νdλ(g),

i.e. for a measurable set

λ ∗ ν(A) =

∫
G

g∗ν(A)dλ(g) =

∫
G

ν(g−1A)dλ(g).

The convolution of two measures is the push-forward under multiplication of
their product.

Observation 3.1. If m : G×G → G is the multiplication map m(g, h) = gh, then
m∗(λ⊗ ν) = λ ∗ ν.

Proof. Notice that

λ ∗ ν(A) =

∫
G

ν(g−1A)dλ(g) =

∫
G

∫
G

1g−1A(h)dν(h)dλ(g) =

∫
G

∫
G

1A(gh)dν(h)dλ(g)

= (λ⊗ ν)({(g, h) : gh ∈ A}) = (λ⊗ ν)(m−1A) = m∗(λ⊗ ν)(A).

□

As an immediate consequence we have the following.

Observation 3.2. For an integrable function∫
G

fd(λ ∗ ν) =
∫
G

∫
G

f(gh)dλ(g)dν(h).

Proof. Note that∫
G

fd(λ ∗ ν) =
∫
G

fdm∗(λ⊗ ν) =

∫
G×G

(f ◦m)d(λ⊗ ν)

=

∫
G

∫
G

f(gh)dλ(g)dν(h).

□
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The n-fold convolution of µ, denoted by µ∗n = µ ∗ · · · ∗ µ is of particular im-
portance for studying random products. Recall wn : Ω → G is the map wn(g) =
g1 · · · gn.

Observation 3.3. For all measurable subsets A ⊂ G,

µ∗n(A) = Pr(wn ∈ A).

Equivalently, (wn)∗β = µ∗n.

Proof. By definition,

µ∗n(A) =

∫
G

1Adµ
∗n =

∫
G

· · ·
∫
G

1A(g1 · · · gn)dµ(g1) · · · dµ(gn).

Let B := {g : wn ∈ A}. Then B = B′ ×GN where B′ ⊂ Gn. So by definition,

Pr(wn ∈ A) = β(B) = (µ⊗n)(B′) =

∫
G

· · ·
∫
G

1A(g1 · · · gn)dµ(g1) · · · dµ(gn).

□

4. Ergodicity of the shift map

Let G, µ, Ω = GN, β = µ⊗N, etc. be as usual. Define T : Ω → Ω by

T (g1, g2, g3, . . . ) = (g2, g3, . . . ).

This transformation will be very useful for studying random products.

Theorem 4.1. T : (Ω, β) → (Ω, β) is ergodic.

Since T is continuous, T is (Borel) measurable. Also, if C = C1 × C2 × · · · is a
cylinder, then

T∗β(C) = β(T−1(C)) = β(G× C1 × C2 × · · · ) =
∏

µ(Ci).

Since β is the unique probability measure with this property, we must have T∗β = β.
So β is T -invariant.

We provide two proofs of ergodicity.

Proof of Ergodicity #1. To show that T is ergodic, fix a measurable set E with
T−1(E) = E. Since β is a probability measure, to show that E has either zero or
full measure it suffices to show that β(E) ≤ β(E)2.

Fix ϵ > 0. By standard approximation results (see Corollary A.2.4 in [Lal23]),
we can find a finite union of cylinders A such that∫

|1E − 1A| dβ < ϵ,

which implies that |β(E)− β(A)| < ϵ.
Since A is a finite union of cylinders, there exists n ∈ N and A0 ⊂ Gn such that

A = A0 ×G×G · · · . Then

T−n(A) = Gn ×A0 ×G×G · · ·

and so∫
1A1T−n(A)dβ = β(A∩T−n(A)) = β(A0×A0×G×G×· · · ) = µ⊗n(A0)

2 = β(A)2.
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Then

β(E) = β(E ∩ T−n(E)) =

∫
1E1T−n(E)dβ

=

∫
1A1T−n(A)dβ +

∫
(1E − 1A)1T−n(A)dβ +

∫
1E(1T−n(E) − 1T−n(A))dβ

≤ β(A)2 +

∫
|1E − 1A| dβ +

∫
|1E ◦ Tn − 1A ◦ Tn| dβ

< (β(E) + ϵ)2 + 2ϵ.

Since ϵ > 0 was arbitrary, β(E) ≤ β(E)2. Hence E has either zero or full measure.
Thus T is ergodic. □

Proof of Ergodicity #2. For n ≥ 0, let Hn ⊂ L2 = L2(Ω, β) be the L2-functions
that depend only on g1, . . . , gn. Then each Hn is a closed subspace, ∪n Hn is dense
in L2, and the orthogonal projection Pn : L2 → Hn is given by

Pn(f)(g1, . . . , gn) =

∫
Ω

f(g1, . . . , gn,h)dβ(h).

Now fix a measurable set E ⊂ Ω with T−1E = E. Then 1E ◦ T = 1E . Let
fn = Pn(1E). Then, since ∪n Hn is dense in L2, we have fn → 1E in L2.

Since 1E ◦ T = 1E we have

fn(g1, . . . , gn) =

∫
Ω

1E(g1, . . . , gn,h)dβ(h) =

∫
Ω

1E(g2, . . . , gn,h)dβ(h)

=

∫
Ω

1E(g3, . . . , gn,h)dβ(h) = · · · =
∫
Ω

1E(h)dβ(h) = β(E)

almost everywhere. Since fn → 1E in L2 we then have 1E = β(E) almost every-
where. Hence E has either zero or full measure.

□

4.1. Strong law of large numbers. As a consequence of the ergodicity of the
shift space, we can prove the strong law of large numbers.

Theorem 4.2 (Strong law of large numbers). Let G = (R,+) and let µ be a
probability measure on G with

∫
|x| dµ(x) < +∞. If g1, g2, . . . are independent and

identically distributed with distribution µ, then

g1 + · · ·+ gn
n

→
∫
R
xdµ(x)

almost surely.

Proof. Define f : Ω → R by f(g) = g1. Then∫
Ω

|f | dβ =

∫
R
|x| dµ(x) < +∞.

So by the ergodicity of the shift map,

1

n

n−1∑
j=0

f ◦ T j(g) →
∫
Ω

fdβ
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almost surely. The left hand side is

1

n

n−1∑
j=0

f ◦ T j(g) =
g1 + · · ·+ gn

n

and the right hand side is ∫
Ω

fdβ =

∫
R
xdµ(x). □

5. Kingman’s subadditive ergodic theorem and applications

To fully exploit the ergodicity of the shift space, we will need a generalization of
the Birkhoff ergodic theorem.

Given a map T : X → X, a sequence of functions fn : X → R is subadditive
(with respect to T ) if

fn+m ≤ fn + fm ◦ Tn

for all n,m ∈ N.

Theorem 5.1 (Kingman Ergodic Theorem). Suppose T : (X,λ) → (X,λ) is er-
godic and {fn} ⊂ L1(X,λ) is a subadditive sequence. Then

lim
n→∞

fn(x)

n
= lim

m→∞

1

λ(X)

∫
fm
m

dλ

for almost every x ∈ X.

Remark 5.2. If f ∈ L1(X,λ) and fn :=
∑n−1

j=0 f(T jx), then fn+m = fn + fm ◦ Tn

for all n,m ∈ N. Further, since λ is T -invariant,∫
fm
m

dλ =
1

m

m−1∑
j=0

∫
f(T jx)dλ =

1

m

m−1∑
j=0

∫
f(x)dT j

∗λ =

∫
fdλ.

So the Kingman ergodic Theorem implies the Birkhoff ergodic theorem.

Before proving the Kingman ergodic theorem, we will apply it to random prod-
ucts. For the rest of the section let G, µ, Ω = GN, β = µ⊗N, etc. be as usual.

5.1. Groups acting by isometries. Suppose G acts by isometries on a metric
space (X,d), that is

dX(gx1, gx2) = dX(x1, x2)

for all g ∈ G and x1, x2 ∈ X.

Theorem 5.3. If x0 ∈ X and∫
G

dX(x0, gx0)dµ(g) < +∞,

then there exists a number Lµ ≥ 0, called the linear drift of µ, such that

lim
n→∞

1

n
dX(x0, wnx0) = Lµ

almost surely.

Remark 5.4. If x ∈ X, then |dX(x0, gx0)− dX(x, gx)| ≤ 2 dX(x0, x) and so the
choice of x0 is immaterial.
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Proof. Define fn : Ω → R by fn(g) = dX(x0, g1 · · · gnx0). Then

fn+m(g) = dX(x0, g1 · · · gn+mx0) ≤ dX(x0, g1 · · · gnx0) + d(g1 · · · gnx0, g1 · · · gn+mx0)

= fn(g) + fm(Tng).

Hence {fn} is subadditive. So by Kingman’s subadditive ergodic theorem,

lim
n→∞

1

n
dX(x0, wnx0) = lim

n→∞

1

n
fn(g) = L

almost surely where

L := inf
m≥1

∫
Ω

1

m
fm(g)dβ(g) = inf

m≥1

∫
G

1

m
dX(x0, gx0)dµ

∗m(g).

□

5.2. Groups of matrices. Suppose G = SL(d,R) and let

∥g∥ = max{∥gv∥ : v ∈ Sd−1}.
By the singular value decomposition ∥g∥ = σ1(g) and by definition

∥gh∥ ≤ ∥g∥ ∥h∥ .

Theorem 5.5. Suppose ∫
G

log ∥g∥ dµ(g) < +∞.

The number

λp(µ) := lim
m→∞

1

m

∫
G

log σp(g)dµ
∗m(g)

is called the pth-Lyapunov exponent of µ and satisfies

lim
n→∞

1

n
log σp(g1 · · · gn) = λp(µ) = lim

n→∞

1

n
log σp(gn · · · g1)

almost surely.

Remark 5.6. Notice that λ1(µ) ≥ · · · ≥ λd(µ).

Proof. We first handle the p = 1 case.

Lemma 5.7. λ1(µ) = limm→∞
1
m

∫
G
log ∥g∥ dµ∗m(g) exists and

lim
n→∞

1

n
log ∥g1 · · · gn∥ = λ1(µ) = lim

n→∞

1

n
log ∥gn · · · g1∥

almost surely.

Proof. Define fn : Ω → R by fn(g) = log ∥g1 · · · gn∥. Then

fn+m(g) = log ∥g1 · · · gn+m∥ ≤ log
(
∥g1 · · · gn∥ ∥gn+1 · · · gn+m∥

)
= fn(g) + fm(Tng).

Hence {fn} is subadditive. Notice that if g ∈ SL(d,R), then 1 = det(g) =
∏

σk(g)
and so ∥g∥ = σ1(g) ≥ 1. Hence fn ≥ 0. Then, by subadditivity∫

Ω

|fn| dβ ≤
∫
Ω

n−1∑
j=0

∣∣f1 ◦ T j
∣∣ dβ =

∫
G

n−1∑
j=0

|f1| dµ = n

∫
G

log ∥g∥ dµ(g) < +∞.

So {fn} ⊂ L1(Ω, β).
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So by Kingman’s subadditive ergodic theorem,

lim
n→∞

1

n
log ∥g1 · · · gn∥ = lim

n→∞

1

n
fn(g) = λ1

almost surely where

λ1 = lim
m→∞

1

m

∫
Ω

fm(g)dβ(g) = lim
m→∞

1

m

∫
G

log ∥g∥ dµ∗m(g).

Next define hn : Ω → R by hn(g) = log ∥gn · · · g1∥. By the same reasoning

lim
n→∞

1

n
log ∥gn · · · g1∥ = λ1

almost surely, since

lim
m→∞

1

m

∫
Ω

hm(g)dβ(g) = lim
m→∞

1

m

∫
G

log ∥g∥ dµ∗m(g) = λ1. □

To obtain the p > 1 case we consider ∧p Rd, the pth exterior power of Rd. Let
τp : SL(d,R) → SL(∧p R) be the standard representation given by

τp(g)(v1 ∧ · · · ∧ vp) = (gv1) ∧ · · · ∧ (gvp).

If we identify ∧p Rd ∼= Rdim∧p Rd

by mapping {ei1 ∧ · · · ∧ eip : i1 < · · · < ip} to the
standard basis, then the singular values of τp(g) are

{σi1(g) · · ·σip(g) : 1 ≤ i1 < · · · < ip ≤ d}.

Hence

σ1(τp(g)) = σ1(g) · · ·σp(g).

Then, applying Lemma 5.7 to the measure (τp)∗µ on SL(∧p Rd),

lim
n→∞

1

n
log(σ1 · · ·σp)(g1 · · · gn) = Lp = lim

n→∞

1

n
log(σ1 · · ·σp)(gn · · · g1)

almost surely where

Lp := lim
m→∞

1

m

∫
G

log(σ1 · · ·σp)(g)dµ
∗m(g).

Then

lim
n→∞

1

n
log σp(g1 · · · gn) = Lp − Lp−1 = lim

n→∞

1

n
log σp(gn · · · g1)

almost surely and Lp − Lp−1 = λp(µ).
□

6. Proof of the Kingman Ergodic Theorem

The proof we provide is adapted from [Lal].
We first prove a limiting result for subadditive sequences.

Lemma 6.1. If {an} ⊂ R is subadditive, i.e. an+m ≤ an + am for all n,m ∈ N,
then

lim
n→∞

an
n

= inf
m≥1

am
m

.
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Proof. Fix m ∈ N. Then any n ∈ N can be written as n = pnm+rn where pn ∈ Z≥0

and rn ∈ {0, . . . ,m− 1}. Then
an
n

≤ pnam
n

+
arn
n

.

Since pn

n → 1
m , we then have

lim sup
n→∞

an
n

≤ am
m

.

Since m ∈ N was arbitrary,

lim sup
n→∞

an
n

≤ inf
m≥1

am
m

≤ lim inf
n→∞

an
n
. □

In the context of Theorem 5.1, since T∗λ = λ, the sequence {
∫
fndλ} is subad-

ditive and hence

lim
n→∞

∫
fn
n
dλ = inf

m≥1

∫
fm
m

dλ.

Lemma 6.2. In Theorem 5.1, it suffices to consider the case when fn ≤ 0.

Proof. Given a general {fn}, let

f̃n := fn −
n−1∑
j=0

f1 ◦ T j .

Since {fn} is subadditive, f̃n ≤ 0. Further,

f̃n + f̃m ◦ Tn = fn + fm ◦ Tn −
n+m−1∑

j=0

f1 ◦ T j ≥ fn+m −
n+m−1∑

j=0

f1 ◦ T j = f̃n+m.

So {f̃n} is subadditive.

Assume that Theorem 5.1 is true for {f̃n}. Then by the Birkhoff ergodic theorem

lim
n→∞

fn(x)

n
= lim

n→∞

f̃n(x)

n
+

1

n

n−1∑
j=0

f1 ◦ T j(x) = lim
m→∞

1

λ(X)

∫
f̃m
m

+ f1dλ

for almost every x ∈ X. Since λ is T -invariant,∫
f̃m
m

+ f1dλ =

∫
fm
m

dλ

and so Theorem 5.1 is true for {fn} □

The rest of the section is devoted to the proof of Theorem 5.1. So fix a non-
positive subadditive sequence {fn}. We can also scale λ so that λ(X) = 1.

Let

c := inf
m≥1

∫
fm
m

dλ = lim
m→∞

∫
fm
m

dλ.

We will prove that lim supn→∞
fn(x)

n ≤ c and lim infn→∞
fn(x)

n ≥ c almost every-
where.

The non-positivity of each fn allows us to extend the subadditivity property as
follows.

Lemma 6.3. If 0 ≤ j1 < j2 < · · · < jm ≤ n and 1 ≤ ki ≤ ji+1 − ji, then

fn ≤ fk1
◦ T j1 + · · ·+ fkm

◦ T jm .
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Proof. Note

fn ≤ fjm + fn−jm ◦ T jm ≤ fjm + (fkm
+ fn−jm−km

◦ T km) ◦ T jm

≤ fjm + fkm
◦ T jm .

Now induct. □

Lemma 6.4. lim supn→∞
fn(x)

n ≤ c for almost every x ∈ X.

Proof. Fixm ∈ N. Then any n ∈ N can be written as n = pnm+rn where pn =
⌊
n
m

⌋
and rn ∈ {0, 1, . . . ,m− 1}. Apply Lemma 6.3 to 0 ≤ m < 2m < · · · < pnm ≤ n to
obtain

fn(x) ≤
pn∑
j=0

fm(T jmx).

Further, for 1 ≤ ℓ ≤ m− 1, we can apply Lemma 6.3 to 0 ≤ ℓ < m+ ℓ < 2m+ ℓ <
· · · < (pn − 1)m+ ℓ ≤ n to obtain

fn(x) ≤
pn−1∑
j=0

fm(T jm+ℓx).

Averaging these estimates we have

fn(x) ≤
1

m

pnm∑
j=0

fm(T jx).

By the Birkhoff ergodic theorem

lim
p→∞

1

pm+ 1

pm∑
j=0

fm(T jx) =

∫
fmdλ

for almost every x ∈ X. Since pnm+1
n → 1,

lim sup
n→∞

fn(x)

n
≤
∫

fm
m

dλ

for almost every x ∈ X. Since m ∈ N is arbitrary, the lemma follows. □

Let

F (x) = lim inf
n→∞

fn(x)

n
∈ [−∞, 0].

Lemma 6.5. F is constant almost everywhere.

Proof. By subadditivity and non-positivity,

fn ≤ f1 + fn−1 ◦ T ≤ fn−1 ◦ T.

Hence F ≤ F ◦ T . In particular, if Ec = {F (x) ≤ c}, then T−1Ec ⊂ Ec (if
x ∈ T−1Ec, then F (Tx) ≤ c and so F (x) ≤ c). However, since λ is T -invariant,
λ(T−1Ec) = λ(Ec). So λ(Ec∆T−1Ec) = 0 and Ec has either zero or full measure.
Then

F = inf{c : Ec has full measure}
almost everywhere. □

Lemma 6.6. F (x) = lim infn→∞
fn(x)

n ≥ c for almost every x ∈ X.
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Proof. Suppose not. Since F is constant almost everywhere, then there exists ϵ > 0
such that the set {x : F (x) < c− ϵ} has full measure. Fix δ > 0. Since

F (x) = lim inf
n→∞

fn(x)

n
≥ inf

n≥1

fn(x)

n
,

there exists N0 such that the set

B :=

{
x : min

1≤k≤N0

fk(x)

k
< c− ϵ

}
satisfies λ(B) > λ(X)− δ = 1− δ.

Claim: fnN0+N0
(x) < (c− ϵ)

∑nN0

j=1 1B(T
jx).

Fix x ∈ X. Let J := {j : 1 ≤ j ≤ nN0 and T jx ∈ B}. Let j1 ∈ J be the
smallest element in J . Then there exists 1 ≤ k1 ≤ N0 such that

fk1
(T j1x) < (c− ϵ)k1.

Then let j2 ∈ J be the smallest element in J greater or equal to than j1+k1. Then
there exists 1 ≤ k2 ≤ N0 such that

fk2
(T j2x) < (c− ϵ)k2.

Repeating this process we find 1 ≤ j1 < · · · < jr ≤ nN0 and k1, . . . , kr satisfying
ki ≤ ji+1 − ji and

fki
(T jix) < (c− ϵ)ki.

By construction

J ⊂
r⋃

i=1

[ji, ji + ki − 1]

and so |J | ≤
∑

ki. Thus by Lemma 6.3

fnN0+N0(x) ≤ fk1(T
j1x) + · · ·+ fkr (T

jrx) < (c− ϵ)

r∑
i=1

ki ≤ (c− ϵ) |J |

(recall that c− ϵ < 0). Thus the claim is proven.
Now if we integrate both sides of the claim we obtain

1

N0n

∫
fnN0+N0(x)dλ < (c− ϵ)λ(B) < (c− ϵ)(1− δ).

Then

c = lim
n→∞

1

nN0

∫
fnN0+N0(x)dλ ≤ (c− ϵ)(1− δ).

Since δ > 0 was arbitrary, we have a contradiction. □

7. Stationary measures

Let G, µ, Ω = GN, β = µ⊗N, etc. be as usual. In this section we consider the
situation where G acts continuously on a compact metrizable space Y , i.e. the map

(g, y) ∈ G× Y 7→ gy ∈ Y

is continuous. We will introduce stationary measures on Y , which will play an
important role in these lecture notes.
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Given a probability measure ν on Y we can obtain a new probability measure
µ ∗ ν, called the convolution of µ and ν, by averaging using µ:

µ ∗ ν =

∫
G

g∗νdµ(g).

Notice that for a measurable set A ⊂ Y ,

µ ∗ ν(A) =

∫
G

ν(g−1A)dµ(g)

and for an integrable function∫
fd(µ ∗ ν) =

∫
G

∫
Y

f(gy)dν(y)dµ(g).

Remark 7.1. G acts on G on the left and in this case, µ ∗ µ coincides with the
definition above.

We also observe that the convolution is the push-forward of the product measure
µ⊗ ν on G× Y under the action of the group.

Observation 7.2. If p : G×Y → Y is the map p(g, x) = g·x, then µ∗ν = p∗(µ⊗ν).

Proof. If A ⊂ Y is Borel measurable, then

p−1(A) = {(g, y) : y ∈ g−1A}.
So

p∗(µ⊗ ν)(A) = µ⊗ ν(p−1(A)) =

∫
G

ν(g−1A)dµ(g) = µ ∗ ν(A).

□

We are interested in measures that are invariant under convolution with µ.

Definition 7.3. A probability measure ν on Y is called stationary if µ ∗ ν = ν.

We can think about µ inducing a “random group action on Y ”: one acts by an
element g with probability given by µ. Then a stationary measure is a measure
which is invariant under this “random group action.”

The next result shows that stationary measures always exist.

Observation 7.4. Suppose y0 ∈ Y and δy0 is the Dirac mass centered at y0. Let

νn :=
1

n

n−1∑
k=0

µ∗k ∗ δy0
.

Then any weak-∗ limit point of {νn} is a stationary measure.

Proof. Suppose νnj → ν is the weak-∗ topology. Then, µ∗νnj → µ∗ν in the weak-∗
topology (check!). Hence

µ ∗ ν = lim
j→∞

µ ∗ νnj
= lim

j→∞

1

nj
µ ∗

(
nj−1∑
k=0

µ∗k ∗ δy0

)

= lim
j→∞

1

nj

nj∑
k=1

µ∗k ∗ δy0
= lim

j→∞
νnj

− 1

nj
δy0

+
1

nj
µ∗nj ∗ δy0

= ν − 0 + 0.

So µ ∗ ν = ν.
□
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Observation 7.4 says that stationary measures always exist and when there is a
unique stationary measure the Observation gives us the following.

Observation 7.5. If there is a unique stationary measure ν, then

lim
n→∞

1

n

n−1∑
k=0

Pr(wk · y0 ∈ A) = ν(A)

for any y0 ∈ Y and Borel subset A ⊂ Y .

Proof. Let νn be as in Observation 7.4. Since ν is the only stationary measure, we
must have νn → ν. Further,

(µ∗k ∗ δy0
)(A) =

∫
G

δgy0
(A)dµ∗k(g) =

∫
Ω

δwky0
(A)dβ = Pr(wk · y0 ∈ A)

and so the result follows. □

8. Ergodic stationary measures

Let G, µ, Ω = GN, β = µ⊗N, etc. be as usual. Also, assume that G acts
continuously on a compact metrizable space Y . In this section we introduce and
study ergodic stationary measures.

Definition 8.1. A stationary measure ν is ergodic if it is an extreme point of the
set of stationary measures, i.e. if ν = tν1 + (1− t)ν2 where 0 < t < 1 and ν1, ν2 are
stationary measures, then ν = ν1 = ν2.

Remark 8.2. Let Eµ(Y ) denote the space of ergodic stationary measures. It follows
from a theorem in functional analysis (Choquet’s theorem), that for any stationary
measure ν0 there exists a probability measure λ on Eµ(Y ) such that

ν0 =

∫
Eµ(Y )

νdλ(ν)

(informally ν0 is a convex combination of elements in Eµ(Y )). So ergodic stationary
measures always exist and one can often reduce to the case of an ergodic stationary
measure.

In this section we will establish several characterizations of ergodicity.

8.1. An operator: Given a stationary measure ν define Pµ : L1(Y, ν) → L1(Y, ν)
by

Pµ(f)(y) =

∫
G

f(gy)dµ(g).

Observation 8.3. Pµ is well-defined on L1(Y, ν) and ∥Pµ∥ = 1.

Proof. If f ∈ L1(Y, ν), then

∥f∥L1 =

∫
Y

|f | dν =

∫
Y

|f | d(µ ∗ ν) =
∫
Y

∫
G

|f(gy)| dµ(g)dν(y)

and hence
∫
G
|f(gy)| dµ(g) < +∞ for ν-almost every y. So Pµ(f)(y) is defined

ν-almost everywhere. Also

∥Pµf∥L1 =

∫
Y

|Pµ(f)| dν =

∫
Y

∣∣∣∣∫
G

f(gy)dµ(g)

∣∣∣∣ dν(y) ≤ ∫
Y

∫
G

|f(gy)| dµ(g)dν(y) = ∥f∥L1 .
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Thus Pµ : L1(Y, ν) → L1(Y, µ) and also ∥Pµ∥ ≤ 1. The above calculation also
shows that ∥Pµf∥L1 = ∥f∥L1 when f ≥ 0 and so ∥Pµ∥ = 1.

□

8.2. A dynamical system. Recall that T : Ω → Ω is defined by

T (g1, g2, g3, . . . ) = (g2, g3, . . . ).

Define S : Ω× Y → Ω× Y by

S(g, y) = (T (g), g1y) =
(
(g2, g3, . . . ), g1y

)
.

Observation 8.4. If ν is a stationary measure, then the measure β ⊗ ν is S-
invariant.

Proof. It suffices to consider sets of the form A×B. Notice that

S−1(A×B) =
{
(g, y) : g ∈ T−1(A), y ∈ g−1

1 B
}

and so

β ⊗ ν(S−1(A×B)) =

∫
T−1(A)

ν(g−1
1 B)dβ =

∫
A

∫
G

ν(g−1
1 B)dµ(g1)dβ

=

∫
A

(µ ∗ ν)(B)dβ =

∫
A

ν(B)dβ = β ⊗ ν(A×B). □

8.3. Characterizations of Ergodicity. The following proof comes from [Fur02,
Theorem 3.1], which itself comes from a book by Kifer [Kif86, p. 19-20]. It is a
special case of what is sometimes called the “Random Ergodic Theorem.”

Proposition 8.5. If ν is a stationary measure, then the following are equivalent:

(1) ν is ergodic.
(2) S is ergodic with respect to β ⊗ ν.
(3) Every measurable subset A ⊂ Y for which ν(A∆g−1A) = 0 for µ-almost

every g ∈ G either has full or zero ν-measure.
(4) Every f ∈ L1(X, ν) for which Pµf = f ν-almost everywhere is constant

ν-almost everywhere.

Proof. (2) ⇒ (1). We prove the contrapositive: if ν is not ergodic, then S is not
ergodic with respect to βY . Since ν is not ergodic, ν = tν1+(1−t)ν2 where 0 < t < 1
and ν1, ν2 are distinct stationary measures. Then β ⊗ ν = tβ ⊗ ν1 + (1 − t)β ⊗ ν2
and each β⊗ νi is S-invariant by Observation 8.4. So S is not ergodic with respect
to β ⊗ ν, see Proposition 2.6.

(1) ⇒ (3). Suppose for a contradiction that ν(A∆g−1A) = 0 for µ-almost
every g ∈ G and ν(A), ν(Ac) are both positive. Then ν1 := 1

ν(A)ν(A ∩ ·) and

ν2 := 1
ν(Ac)ν(A

c ∩ ·) are both stationary measures (check!) and

ν = ν(A)ν1 + ν(Ac)ν2 = ν(A)ν1 + (1− ν(A))ν2.

So we have a contradiction.
(3) ⇒ (4). Suppose f ∈ L1(X, ν) and Pµf = f ν-almost everywhere. Then

|f | = |Pµf | ≤ Pµ |f |
ν-almost everywhere. So∫

Y

|Pµ |f | − |f || dν =

∫
Y

Pµ |f | − |f | dν = 0
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since ∫
Y

Pµ |f | dν =

∫
Y

∫
G

|f | ◦ gdµ(g)dν =

∫
Y

|f | d(µ ∗ ν) =
∫
Y

|f | dν.

Hence Pµ |f | = |f | ν-almost everywhere.

Let f+ := f+|f |
2 = max{f, 0}. Then Pµf

+ = f+ ν-almost everywhere. Let
E := {y : f(y) ≥ 0}. Then if y ∈ E, we have

Pµf
+(y) = f+(y) = f(y) = Pµf(y)

which implies that ν(E∆g−1E) = 0 for µ-almost every g ∈ G. Thus E either has
full or zero ν-measure.

Applying the same argument to f − c we see that for any c ∈ R the set Ec :=
{y : f(y) ≥ c} either has full or zero ν-measure. Hence

f = sup{c : ν(Ec) = 1}
ν-almost everywhere.

(4) ⇒ (2). Suppose E ⊂ Ω × Y is S-invariant. Then 1E ◦ S = 1E . Since β ⊗ ν
is a probability measure, then 1E ∈ L2 = L2(Ω× Y, βY ).

For n = 0, 1, . . . let Hn ⊂ L2 be the subspace of functions which only depend
on g1, . . . , gn and y. Then each Hn is a closed linear subspace and ∪Hn is dense
in L2. Further, the orthogonal projection Pn : L2 → Hn is given by

Pn(f)(g, y) =

∫
Ω

f(g1, . . . , gn,h, y)dβ(h).

Let fn := Pn(1E), which we view as a function on Gn × Y . Since ∪Hn is dense,
fn → 1E in L2. Further, since 1E ◦ S = 1E , we have

fn(g1, . . . , gn, y) =

∫
Ω

1E(g1, . . . , gn,h, y)dβ(h) =

∫
Ω

1E(g2, . . . , gn,h, g1y)dβ(h)

= fn−1(g2, . . . , gn, g1y).

Repeating we see that fn(g1, . . . , gn, y) = f0(gn · · · g1y).
Further,

f0(y) =

∫
Ω

1E(h, y)dβ(h) =

∫
Ω

∫
G

1E(h1,h
′, y)dµ(h1)dβ(h

′) =

∫
G

f1(h1, y)dµ(h1)

=

∫
G

f0(h1y)dµ(h1) = Pµf0(y).

So by assumption f0 is constant ν-almost everywhere (note f0 is bounded and hence
in L1(Y, ν)). Thus each fn is constant µ⊗n ⊗ ν-almost everywhere. Since fn → 1E
in L2, then we see that 1E is constant β⊗ν-almost everywhere. Hence E has either
zero or full measure. Thus S is ergodic with respect to β ⊗ ν.

□

9. Limit measures

In this section we prove that a stationary measure disintegrates into a collec-
tion of “limit measures” obtained by applying the random walk to the stationary
measure. Our exposition follows [BQ16, Section 2.5]. Similar arguments appear
in [Lal23, Lemma 11.4.8].

Let G, µ, Ω = GN, β = µ⊗N, etc. be as usual. Also, assume that G acts
continuously on a compact metrizable space Y .
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Let P(Y ) denote the space of Borel probability measures on Y endowed with
the weak-∗ topology.

Theorem 9.1. If ν is a stationary measure, then there exists a Borel map g ∈
Ω 7→ νg ∈ P(Y ) such that for β-almost every g = (g1, g2, . . . ) one has

(g1 · · · gn)∗ν → νg.

Moreover,

ν =

∫
νgdβ(g).

To prove the theorem we need to recall a result from probability theory.

9.1. Doob’s martingale convergence theorem. We start by recalling the def-
inition of a martingale.

Definition 9.2. Suppose (X,A, λ) is a probability space.

• A filtration of (X,A, λ) is an increasing sequence of sigma-subalgebrasA0 ⊂
A1 ⊂ A2 ⊂ · · · in A.

• A sequence {fn} in L1(X,A, λ) is adapted to a filtration {An} if each fn is
An-measurable, i.e. f−1

n (A) ∈ An for any Borel subset A ⊂ R.
• An adapted sequence {fn} is a martingale (with respect to {An}) if∫

A

fn+mdλ =

∫
A

fndλ

for all A ∈ An and m,n ≥ 0.

Example 9.3. Consider [0, 1]d with the Lebesgue measure. Let An be the sigma
algebra generated by cubes of the form

d∏
i=1

[
pi
2n

,
pi + 1

2n

]
.

Then {An} is a filtration. Given f ∈ L1 we can define a martingale {fn} where fn
is constant on each cube of the form

∏[ pi

2n ,
pi+1
2n

]
and equals the average value of

f on this cube. Further, by the Lebesgue differentiation theorem fn converges to
f almost everywhere.

Theorem 9.4 (Doob’s martingale convergence theorem). Suppose (X,A, λ) is a
probability space, {An} is a filtration, and {fn} is a martingale. If supn≥0 ∥fn∥L1 <

+∞, then there exists f ∈ L1 such that fn(x) → f(x) almost everywhere.

We will only use the theorem when we have the stronger assumption that
supn≥0 ∥fn∥L∞ < +∞ and so we will just prove the theorem in the special case
when supn≥0 ∥fn∥L2 < +∞ (following the proof in [BQ16, Appendix A.2]).

Lemma 9.5. If {fn} is a martingale and ϵ > 0,

λ

({
sup

1≤k≤n
|fk| ≥ ϵ

})
≤ 1

ϵ

∫
|fn| dλ.

Proof. Note that A := {sup1≤k≤n |fk| ≥ ϵ} = ⊔n
k=1Ak where

Ak := {|f1| < ϵ, . . . , |fk−1| < ϵ, |fk| ≥ ϵ}.
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Notice that Ak ∈ Ak (since each fn is An-measurable). Further, A−
k := Ak ∩{fk <

0} and A+
k := Ak ∩ {fk > 0} are also in Ak and so when n ≥ k,∫

Ak

|fk| dλ =

∫
A+

k

fkdλ−
∫
A−

k

fkdλ =

∫
A+

k

fndλ−
∫
A−

k

fndλ ≤
∫
Ak

|fn| dλ.

So

λ(A) =

n∑
k=1

λ(Ak) ≤
1

ϵ

n∑
k=1

∫
Ak

|fk| dλ ≤ 1

ϵ

n∑
k=1

∫
Ak

|fn| dλ ≤ 1

ϵ

∫
|fn| dλ. □

Proof of Theorem 9.4 in the L2 case. Since each fm can be approximated by finite
sums of the form

∑
ci1Ai

with Ai ∈ Am, we have∫
fnfmdλ =

∫
f2
mdλ

when n ≥ m. Thus when n ≥ m

0 ≤
∫
(fn − fm)2dλ =

∫
f2
ndλ−

∫
f2
mdλ = ∥fn∥L2 − ∥fm∥L2 .

So the sequence {∥fn∥L2} is non-decreasing and hence converges (being bounded).
Then the above formula implies that {fn} is a Cauchy sequence in L2. Hence
fn → f in L2. Since λ(X) = 1, we also have fn → f in L1. Notice that for each
m ≥ 1 the sequence {fn − fm}n≥m is a martingale, so using the lemma and taking
a limit

λ

({
sup
n≥m

|fn − fm| ≥ ϵ

})
≤ 1

ϵ

∫
|f − fm| dλ

for all m ≥ 1. Thus fn(x) → f(x) on the full measure set

∞⋂
k=1

∞⋃
m=1

{
sup
n≥m

|fn − fm| ≤ 1/k

}
. □

9.2. Proof of Theorem 9.1. We are now ready to prove Theorem 9.1, which we
restate here.

Theorem. With the usual notation, if ν is a stationary measure, then there exists
a Borel map g ∈ Ω 7→ νg ∈ P(Y ) such that for β-almost every g = (g1, g2, . . . ) one
has

(wn)∗ν = (g1 · · · gn)∗ν → νg.

Moreover,

ν =

∫
νgdβ(g).

Proof. Let Fn be the sigma-algebra generated by cylinders of the form

A1 × · · · ×An ×GN.

Then {Fn} is a filtration and f : Ω → R is Fn-measurable if and only if f only
depends on g1, . . . , gn.

Given φ ∈ C(Y ), define ρn(φ) : Ω → R by

ρn(φ)(g) =

∫
Y

φd(g1 · · · gn)∗ν =

∫
Y

φ(g1 · · · gny)dν(y).
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Notice that ρn(φ) is Fn-measurable. Further, if A = A1 × · · ·An ×GN ∈ Fn, then∫
A

ρn+m(φ)(g)dβ(g) =

∫
A

∫
Y

φ(g1 · · · gn+my)dν(y)dβ(g)

=

∫
A

∫
Y

∫
G

φ(g1 · · · gn · hy)dµ∗m(h)dν(y)dβ(g)

=

∫
A

∫
Y

φ(g1 · · · gny)d(µ∗m ∗ ν)(y)dβ(g)

=

∫
A

∫
Y

φ(g1 · · · gny)dν(y)dβ(g) =
∫
A

ρn(φ)(g)dβ(g).

Hence {ρn(φ)} is a martingale. Since supn≥1 ∥ρn(φ)∥1 < +∞, there exists ρ(φ) ∈
L1 such that ρn(φ) → ρ(φ) almost everywhere.

Now fix a countable dense subset D ⊂ C(Y ). By the above, there exists a full
measure subset Ω′ such that ρn(φ)(g) → ρ(φ)(g) for all φ ∈ D and all g ∈ Ω′.

We claim that

lim
n→∞

(g1 · · · gn)∗ν

exists in P(Y ) for all g ∈ Ω′. Fix g ∈ Ω′. If λ is a limit point of {(g1 · · · gn)∗ν},
then ∫

Y

φdλ = lim
n→∞

∫
Y

φd(g1 · · · gn)∗ν = lim
n→∞

ρn(φ)(g) = ρ(φ)(g)

for all φ ∈ D. Since D ⊂ C(Y ) is dense, there is only one limit point. Thus
limn→∞(g1 · · · gn)∗ν exists.

Then

νg =

{
limn→∞(g1 · · · gn)∗ν if g ∈ Ω′

ν if g /∈ Ω′

defines a Borel map Ω → P(Y ) with the desired property.
Next we show that ν =

∫
νgdβ(g). Fix φ ∈ C(Y ). Since ν is stationary,∫

Y

φdν =

∫
Y

∫
Ω

φ(g1 · · · gny)dβ(g)dν(y) =
∫
Ω

[∫
Y

φd(g1 · · · gn)∗ν
]
dβ(g).

Then the dominated convergence theorem implies that∫
Y

φdν =

∫
Ω

[∫
Y

φdνg

]
dβ(g).

So ν =
∫
νgdβ(g).

□

9.3. A technical extension. We will need the following technical extension of
Theorem 9.1.

Corollary 9.6. Suppose ν is a stationary measure and g ∈ Ω 7→ νg ∈ P(Y ) is the
Borel map in Theorem 9.1. For every m ∈ N, for µ∗m ⊗ β-almost every (h,g) one
has

(g1 · · · gnh)∗ν → νg.

Proof. It suffices to fix φ ∈ C(Y ) and show that for µ∗m ⊗ β-almost every (h,g)
one has ∫

φd(g1 · · · gnh)∗ν →
∫

φdνg.
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Indeed, if the above is true, then fix a countable dense subset D ⊂ C(Y ). Then for
for µ∗m ⊗ β-almost every (h,g) one has∫

φd(g1 · · · gnh)∗ν →
∫

φdνg

for all φ ∈ D. For such (h,g) one then has that∫
φd(g1 · · · gnh)∗ν →

∫
φdνg

for all φ ∈ C(Y ) by approximation.
So fix φ ∈ C(Y ). Define fn, f

h
n : Ω → R by

fn(g) =

∫
φd(g1 · · · gn)∗ν =

∫
φ(g1 · · · gny)dν(y)

and

fh
n (g) =

∫
φd(g1 · · · gnh)∗ν =

∫
φ(g1 · · · gnhy)dν(y).

By Theorem 9.1, fn(g) →
∫
φdνg for β-almost every g. So it suffices to show that

fn(g)− fh
n (g) → 0 for µ∗m ⊗ β-almost every (h,g).

To simplify computations let Φ(g) =
∫
φ(gy)dν(y). Notice that since ν is sta-

tionary, ∫
G

Φ(gh)dµ∗m(h) = Φ(g).

Then, computing we have

In : =

∫
Ω

∫
G

(fn(g)− fh
n (g))

2d(µ∗m ⊗ β)(h,g)

=

∫
Ω

∫
G

Φ(g1 · · · gn)2 − 2Φ(g1 · · · gn)Φ(g1 · · · gnh) + Φ(g1 · · · gnh)2d(µ∗m ⊗ β)(h,g)

=

∫
Ω

Φ(g1 · · · gn)2 − 2Φ(g1 · · · gn)2 +Φ(g1 · · · gn+m)2dβ(g) = Jm+n − Jn

where Jk :=
∫
G
Φ(g)2dµ∗k(g). Since each In is positive and

N∑
n=1

In =

N+m∑
n=N+1

Jn −
m∑

n=1

Jn ≤ 2m ∥φ∥2∞ ,

we see that
∑

n In < +∞.
Thus for µ∗m ⊗ β-almost every (h,g),∑

n

(fn(g)− fh
n (g))

2 < +∞,

which implies that fn(g)− fh
n (g) → 0.

□
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Part 2. Linear groups

10. Statement of Results

Let G = SL(d,R) and let µ be a probability measure on SL(d,R). As usual, let
Ω = GN and β = µ⊗N.

Recall that when
∫
log ∥g∥ dµ(g) < +∞, the limits

λp(µ) := lim
n→∞

1

n
log σp(g1 · · · gn) = lim

n→∞

1

n
log σp(gn · · · g1)

exist for β-almost every g ∈ Ω and that the numbers

λ1(µ) ≥ · · · ≥ λd(µ)

are called the Lyapunov exponents of µ.
Define kn, ℓn : Ω → SO(d) and an : Ω → {diagonal matrices} so that

g1 · · · gn = kn(g)an(g)ℓn(g)

is a singular value decomposition.
The goal of this part of the notes is to prove the following.

Theorem 10.1 (Gol’dshĕid–Margulis [GM89]). If

•
∫
log ∥g∥ dµ(g) < +∞,

• the group generated by supp(µ) is Zariski dense in SL(d,R),
then

λ1(µ) > λ2(µ) > · · · > λd(µ).

Moreover, the limit

lim
n→∞

kn(g)M

exists in SO(d)/M for β-almost every g ∈ Ω.

10.1. Metric space interpretation. Associated to SL(d,R) is a special metric
space. Let X = SL(d,R)/K where K = SO(d) and define a distance on X by

dX(g1 K, g2 K) =

√√√√ d∑
j=1

[log σj(g
−1
1 g2)]2.

Since σj(k1gk2) = σj(g) for all k1, k2 ∈ K, this is well defined. Further, SL(d,R)
acts by isometries:

dX(g · g1 K, g · g2 K) = dX(g1 K, g2 K).

Now

log σj(g1 · · · gn) ≈ λj(µ)n

and so the linear drift is given by

lim
n→∞

dX(K, g1 · · · gn K)
n

=

√√√√ d∑
j=1

λj(µ)2.

One can show that X is a manifold and the distance dX is induced by a Rie-
mannian metric g. Further the tangent space at K can be identified with

p := {A ∈ Md(R) : trA = 0, At = A}
in such a way that
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• ∥A∥g =
√∑d

j=1 σj(A)2.

• The Riemannian exponential map at K is a diffemorphism given by

expK(A) = eA K,

where eA is the matrix exponential.

This gives “polar coordinates” on X where

∥A∥g = dX(K, eA K)

is the radial component of eA K and

A

∥A∥g

is the angular component eA K.
Now if g = kaℓ, then

gK = kaK = kakt K = ek log(a)kt

K

and k log(a)kt ∈ p. Using this, one can show that if g1 · · · gn = eAn(g)K, then

lim
n→∞

An(g)

∥An(g)∥g

converges almost surely. This means that “angular component” of the random walk
converges almost surely.

10.2. Ideas in the proof. We now briefly discuss some of the main ideas.

Idea #1: We will fix a stationary measure on real projective space and then
show that every limit measure is a Dirac mass. This will imply that

lim
n→∞

σp(g1 · · · gn)
σp+1(g1 · · · gn)

= +∞

almost surely and that

lim
n→∞

kn(g)M

exists almost surely.

Idea #2: To prove that λp(µ) > λp+1(µ) we need to show that log
σp(g1···gn)

σp+1(g1···gn)
converges to infinity with a linear lower bound. We accomplish this by using a trick
from ergodic theory: if the Birkhoff sums diverge, then they diverge linearly (see
Proposition 15.1 for a precise statement). This requires developing a dynamical
system that we can apply the Birkhoff ergodic theorem to.

Idea #3: In the proof we will study λ1(µ) and then use the wedge representa-
tions to obtain information about λp(µ) when p > 1. To make this work, we will
need to assume a weaker condition than Zariski density, which we introduce in the
next two sections.
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11. Projective spaces and limits of transformations

In the proof we will study stationary measures on real projective space. Recall
that real projective space is the quotient

P(Rd) = (Rd −{0})/ ∼

where v ∼ w if and only if v = tw for some t ∈ R. Geometrically, P(Rd)

parametrizes the set of one-dimensional linear subspaces in Rd (i.e. lines through
the orgin).

Projective space with the quotient topology is a compact space and [vn] → [v] if

and only if there are lifts ṽn, ṽ ∈ Rd −{0} where ṽn → ṽ. We use [v1 : · · · : vd] to
denote the equivalence class of (v1, . . . , vd). We also let dP denote the angle metric

on P(Rd):

dP([v], [w]) = ∠(R ·v,R ·w).
Notice that GL(d,R) acts continuously via the natural action

g · [v] = [gv].

More generally, given T ∈ End(Rd) we also let T denote the continuous map

[v] ∈ P(Rd)∖ P(kerT ) 7→ T [v] = [Tv] ∈ P(Rd).

To study stationary measures on P(Rd), it will be helpful to understand how

sequences of elements in GL(d,R) act on P(Rd).

Example 11.1. As a simple example, consider gn = diag(2n, 1, 2−n). Then

gn[v1 : v2 : v3] = [2nv1 : v2 : 2−nv3].

So

lim
n→∞

gn[v1 : v2 : v3] =


[1 : 0 : 0] if v1 ̸= 0

[0 : 1 : 0] if v1 = 0, v2 ̸= 0

[0 : 0 : 1] if v1 = v2 = 0, v3 ̸= 0

.

For the general case, we exploit two observations

(1) The actions of g and of g
∥g∥ on P(Rd) are the same.

(2) The set {T : ∥T∥ ≤ 1} is compact in End(Rd).

So given a sequence {gn} ⊂ GL(d,R) we can pass to a subsequence so that
gnj

∥gnj∥
converges to an element of End(Rd).

Observation 11.2. If Tn → T in End(Rd), then

Tn[v] → T [v]

for all [v] ∈ P(Rd)∖P(kerT ). Moreover, the convergence is uniform on any compact

subset of P(Rd)∖ P(kerT ).

Remark 11.3. In Example 11.1, gn
∥gn∥ = gn

2n converges to T = diag(1, 0, 0), which

has kerT = ⟨e2, e3⟩ and imageT = [e1]. So

gn[v] → T [v]

for all [v] ∈ P(Rd)∖ P(kerT ), is equivalent to gn[v1 : v2 : v3] → [1 : 0 : 0] whenever
v1 ̸= 0.
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Proof. Fix a compact set K ⊂ P(Rd)∖ P(kerT ). Suppose for a contradiction that
the convergence is not uniform on K. Then we can find ϵ > 0, nj → ∞, and
{[vnj ]} ⊂ K such that

dP(Tnj
[vnj

], T [vnj
]) > ϵ.

By scaling we can assume that
∥∥vnj

∥∥ = 1 for all j and then passing to a subsequence
we can suppose that vnj

→ v. Then [v] ∈ K and so v /∈ kerT . Then Tnj
vnj

→ Tv

in Rd −{0} and so

Tnj
[vnj

] = [Tnj
vnj

] → [Tv] = T [v].

However, we also have Tvnj
→ Tv and so T [vnj

] → T [v]. Then

dP(Tnj
[vnj

], T [vnj
]) → dP(T [v], T [v]) = 0

and we have a contradiction. □

We extend the previous observation to convergence of measures.

Observation 11.4. Suppose ν is a probability measure on P(Rd). If Tn → T in

End(Rd) and ν(P(kerT )) = 0, then

(Tn)∗ν → T∗ν.

Remark 11.5. The assumption ν(P(kerT )) = 0 is necessary. For instance if Tn =
diag(1, 2−n, 2−n), then T = diag(1, 0, 0). So (Tn)∗δ[e3] = δ[e3], but T∗δ[e3] ≡ 0.

Proof. Fix a continuous function φ : R(Rd) → R. Then fix ϵ > 0. Since ν(P(kerT )) =
0, there exists an open neighborhood U of P(kerT ) with ν(U) < ϵ

∥φ∥∞
. For n suf-

ficiently large P(kerTn) ⊂ U and φ ◦ Tn → φ ◦ T uniformly on K := P(Rd) ∖ U .
So

lim sup
n→∞

∫
φd(Tn)∗ν = lim sup

n→∞

∫
P(Rd)∖P(kerTn)

φ ◦ Tndν ≤ ϵ+ lim sup
n→∞

∫
K

φ ◦ Tndν

= ϵ+

∫
K

φ ◦ Tdν ≤ 2ϵ+

∫
P(Rd)∖P(kerT )

φ ◦ Tdν = 2ϵ+

∫
φdT∗ν

and likewise

lim inf
n→∞

∫
φd(Tn)∗ν ≥ −2ϵ+

∫
φdT∗ν.

Since ϵ > 0 was arbitrary,
∫
φd(Tn)∗ν →

∫
φdT∗ν.

□

11.1. The singular value decomposition and limits in End(Rd). We have the

following relationship between singular value decompositions and limits in End(Rd).

Proposition 11.6. Suppose {gn} ⊂ SL(d,R) and gn
∥gn∥ → T in End(Rd). For each

n fix a singular value decomposition gn = knanℓn. Then

rankT = max

{
p : lim

n→∞

σp(gn)

σ1(gn)
> 0

}
,

imageT = lim
n→∞

kn ⟨e1, . . . , erankT ⟩ ,

kerT = lim
n→∞

ℓ−1
n ⟨erankT+1, . . . , ed⟩ .
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Proof. By continuity of the singular values, we have

σp(gn)

σ1(gn)
=

σp(gn)

∥gn∥
= σp

(
gn

∥gn∥

)
→ σp(T )

and so

rankT = max {p : σp(T ) > 0} = max

{
p : lim

n→∞

σp(gn)

σ1(gn)
> 0

}
.

To show that kn ⟨e1, . . . , erankT ⟩ converges to imageT , it suffices to show that
any convergent subsequence converges to imageT . So fix knj

⟨e1, . . . , erankT ⟩ →
V ∈ GrrankT (Rd). Passing to a subsequence we can assume knj

→ k and ℓnj
→ ℓ.

Then

T = lim
j→∞

gnj∥∥gnj

∥∥ = lim
j→∞

knj
anj

ℓnj∥∥gnj

∥∥ = ka′ℓ

where a′ = diag(1, σ2(T ), . . . , σd(T )). Since σk(T ) > 0 if and only if k ≤ r, we have

imageT = k ⟨e1, . . . , erankT ⟩ = V.

Thus kn ⟨e1, . . . , erankT ⟩ → k ⟨e1, . . . , erankT ⟩ = imageT .
The proof that kerT = limn→∞ ℓ−1

n ⟨erankT+1, . . . , ed⟩ is very similar.
□

12. Proximal and strongly irreducible semigroups

In this section we introduce two important assumptions. In the proofs that
follow, we will consider the semigroup generated by the support of our probability
measure. Recall, that a subset H of a group G is a semigroup if

h1, h2 ∈ H =⇒ h1h2 ∈ H.

12.1. Proximal semigroups. A semigroup H ⊂ SL(d,R) is proximal if there
exists {hn} ⊂ H such that

hn

∥hn∥
→ T

and rankT = 1.

12.2. Strongly irreducible (semi)groups. We first define irreducible and strongly
irreducible subgroups, then extend the definition to semigroups.

A subgroup H ⊂ SL(d,R) is irreducible if there are no proper H-invariant linear

subspaces, i.e. the only H-invariant linear subspaces are {0} and Rd. A subgroup
H ⊂ SL(d,R) is strongly irreducible if every finite index subgroup ofH is irreducible.

We want to generalize these notions to semigroups, but “finite index” does not
extend well to semigroups. Instead we use the following characterization of strong
irreducibility.

Observation 12.1. A subgroup H ⊂ SL(d,R) is strongly irreducible if and only if
there are no finite union of proper linear subspaces which are invariant under H.

Proof. We prove that the negations are equivalent.
Suppose H is not strongly irreducible. Then there exist a finite index subgroup

H0 ⊂ H and a proper H0-invariant linear subspace V . Let {h1H0, . . . , hmH0} be a
set of coset representatives. Then ∪hjV is a finite union of proper linear subspaces
which is invariant under H.
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Suppose ∪Vj is a finite union of proper linear subspaces which is invariant under
H. Then H permutes the Vj and so there exists a finite index subgroup H0 where
each Vj is H0-invariant. □

Definition 12.2. A semigroup H ⊂ SL(d,R) is irreducible if there are no proper
H-invariant linear subspaces and strongly irreducible if there are no finite union of
proper linear subspaces which are invariant under H.

12.3. Zariski closures. We will use the following result from the theory of alge-
braic groups.

Theorem 12.3 (Gol’dshĕid–Margulis [GM89]). Suppose H ⊂ SL(d,R) is a semi-
group. If the group generated by H is Zariski dense, then H is strongly irreducible
and proximal.

Proof. We only prove thatH is strongly irreducible. For the proximaility, see [BQ16,
Chapter 6].

Suppose for a contradiction that V = ∪m
j=1Vj is a finite collection of proper linear

subspaces which are invariant under H. We can assume that each Vj has dimension
r.

Then hV = V for all h ∈ H which implies that V = h−1 V for all h ∈ H. Thus
g V = V for all g ∈ ⟨H⟩, the group generated by H.

For each Vj , fix a basis bj,1, . . . , bj,r and a set of linear functions fj,1, . . . , fj,d−r

such that
d−r⋂
k=1

ker fj,k = Vj .

Then gVi = Vj if and only if Pi,j(g) =
∑

k,ℓ fj,k(gbi,ℓ)
2 = 0. Let P =

∏
j P1,j . Then

P |⟨H⟩ ≡ 0 which implies that P |SL(d,R) ≡ 0 (by Zariski density). Then for every
g ∈ SL(d,R), we have

gV1 ∈ {V1, . . . , Vm}.

But this is clearly impossible since SL(d,R) acts transitively on the space of all
r-dimensional linear spaces. □

13. Stationary measures on projective space

Let G = SL(d,R) and let µ be a probability measure on SL(d,R). As usual, let
Ω = GN and β = µ⊗N.

Let Γµ be the semigroup generated by supp(µ), i.e.

Γµ =

∞⋃
m=1

supp(µ)m.

Theorem 13.1. If Γµ is strongly irreducible and proximal, then:

(1) There is a unique stationary measure ν on P(Rd).

(2) If V ⊂ Rd is a proper linear subspace, then ν(P(V )) = 0.

(3) There exist a Borel map ζ : Ω → P(Rd) such that ν = ζ∗β and for almost
every g ∈ Ω
(a) the limit measure νg is a Dirac mass centered at ζ(g).
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(b) every limit point of

g1 · · · gn
∥g1 · · · gn∥

in End(Rd) has rank one and image ζ(g).

As a corollary to (3) we have the following.

Corollary 13.2. For almost every g ∈ Ω,

lim
n→∞

σ1(g1 · · · gn)
σ2(g1 · · · gn)

= +∞

and if g1 · · · gn = knanℓn is a singular value decomposition then

lim
n→∞

kn[e1] = ζ(g).

Proof. Recall from Proposition 11.6 that if hn

∥hn∥ → T in End(Rd), then

rankT = max

{
p : lim

n→∞

σp(hn)

σ1(hn)
> 0

}
,

imageT = lim
n→∞

kn ⟨e1, . . . , erankT ⟩

where hn = knanℓn is a singular value decomposition. So the corollary follows
immediately from Theorem 13.1 (3). □

Lemma 13.3. If ν is a stationary measure and V ⊂ Rd is a proper linear subspace,
then ν(P(V )) = 0.

Proof. Suppose not. Let r be the minimal dimension where there exists a r dimen-
sional linear space linear subspace V ⊂ Rd such that ν(P(V )) > 0. Then

ν(P(V1) ∩ P(V2)) = 0

whenever V1, V2 are distinct and both have dimension r. So if {Vj} is a collection
of distinct r dimensional linear subspaces, then

(1)
∑
j

ν(P(Vj)) = ν

⋃
j

P(Vj)

 ≤ 1.

Let c := supdimV=r ν(P(V )). By Equation (1) there are only finitely many
subspaces with measure at least c/2. Hence V := {V : dimV = r, ν(P(V )) = c} is
non-empty and finite.

Claim: If V ∈ V and g ∈ supp(µ), then g−1V ∈ V.
Suppose ν(P(V )) = c. Then

c = ν(P(V )) = (µ ∗ ν)(P(V )) =

∫
G

ν(P(g−1V ))dµ(g) ≤
∫
G

cdµ(g) = c.

Thus g−1V ∈ V for g in a full µ-measure set A ⊂ G. If g ∈ supp(µ), then there
exists (gn) ⊂ A with gn → g. Then

g−1V = lim
n→∞

g−1
n V.

Since {g−1
n V } ⊂ V and V is finite, the sequence eventually stabilizes. Hence g−1V ∈

V. Thus the claim is established.
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Now g−1 V ⊂ V for all g ∈ Γµ, which implies that g−1 V = V since V is finite.
Thus V = g V for all g ∈ Γµ. But by assumption Γµ is strongly irreducible and so
we have a contradiction. □

Lemma 13.4. If ν is a stationary measure, then there exists a Borel map ζ : Ω →
P(Rd) such that for β-almost every g ∈ Ω

(1) the limit measure νg is a Dirac mass centered at ζ(g).
(2) every limit point of

g1 · · · gn
∥g1 · · · gn∥

in End(Rd) has image ζ(g).

Proof. By Lemma 13.3 and Observation 11.4: if Tn → T in End(Rd) and T ̸= 0,
then

(2) (Tn)∗ν → T∗ν.

By Corollary 9.6, for every m ∈ Z≥0, for µ
∗m ⊗ β-almost every (h,g) one has

(g1 · · · gnh)∗ν → νg.

(here we assume µ∗0 is the Dirac mass at the identity). Hence, there exists a
full measure set Ω′ ⊂ Ω such that for every g ∈ Ω′, for every m ∈ Z≥0, and for
µ∗m-almost every h ∈ G we have

(g1 · · · gnh)∗ν → νg.

Fix g ∈ Ω′. Let T be a limit point of
{

g1···gn
∥g1···gn∥

}
in End(Rd). Then

(Th)∗ν = νg

for every m ∈ Z≥0 and for µ∗m-almost every h ∈ G. Hence, by Equation (2),

(Th)∗ν = νg

for every h ∈ Γµ.

Since Γµ is proximal, there exists {hn} ⊂ Γµ where hn

∥hn∥ → S and rankS = 1.

Since Γµ is irreducible, we can pick h ∈ Γµ such that h imageS ̸⊂ kerT . Then
Thhn → ThS ̸= 0 and so

(ThS)∗ν = lim
n→∞

(Thhn)∗ν = lim
n→∞

νg = νg.

Since ThS has rank one, νg is a Dirac mass centered at ζ(g) := image(ThS). This
proves part (1).

To prove part (2), it suffices to show that T has rank one. Notice that

1 = νg (ζ(g)) = T∗ν (ζ(g)) = ν
(
T−1 (ζ(g))

)
.

Now T−1(ζ(g)) is contained in the projectivization of a subspace of dimension
1 + dim(kerT ) and so Lemma 13.3 implies that dimkerT = d− 1, i.e. T has rank
one.

□

Lemma 13.5. There is a unique stationary measure ν and if ζ is the map in
Lemma 13.4, then ν = ζ∗β.
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Proof. Suppose ν1, ν2 are two stationary measures. Let ζ1, ζ2 : Ω → P(Rd) be the
maps in Lemma 13.4. Then for j = 1, 2 and for β-almost every g ∈ Ω every limit
point of

g1 · · · gn
∥g1 · · · gn∥

in End(Rd) has image ζj(g). Hence ζ1 = ζ2 β-almost everywhere. Further,

ν1 =

∫
(ν1)gdβ(g) =

∫
δζ1(g)dβ(g) =

∫
δζ2(g)dβ(g) =

∫
(ν2)gdβ(g) = ν2.

Thus there is a unique stationary unique stationary measure ν. Further, if ζ is
the map in Lemma 13.4, then

ν(A) =

∫
δζ(g)(A)dβ(g) =

∫
1A(ζ(g))dβ(g) =

∫
1ζ−1A(g)dβ(g) = β(ζ−1A) = ζ∗β(A).

So ν = ζ∗β. □

14. First steps towards the proof of Theorem 10.1

Let G = SL(d,R) and let µ be a probability measure on SL(d,R). As usual, let
Ω = GN and β = µ⊗N.

Using Theorem 13.1 we can prove part of Theorem 10.1.

Theorem 14.1. If

•
∫
log ∥g∥ dµ(g) < +∞,

• the group generated by supp(µ) is Zariski dense in SL(d,R),
then

lim
n→∞

σp(g1 · · · gn)
σp+1(g1 · · · gn)

= +∞

almost surely. Moreover, if g1 · · · gn = knanℓn is a singular value decomposition,
then the limit

lim
n→∞

kn M

exist almost surely in SO(d)/M.

Consider the wedge representation τp : SL(d,R) → SL(∧p Rd). If we identify

∧p Rd with Rdim∧p Rd

via the standard basis {ei1 ∧ · · · ∧ eip}, then the singular
values of τp(g) are

{σi1(g) · · ·σip(g) : i1 < · · · < ip}.
In particular,

σ1(τp(g)) = σ1(g) · · ·σp(g) and σ2(τp(g)) = σ1(g) · · ·σp−1(g)σp+1(g).

So
σ1(τp(g))

σ2(τp(g))
=

σp(g)

σp+1(g)
.

Further, if g = kaℓ is a singular value decomposition, then τp(k), τp(ℓ) ∈ SO(dim∧p Rd)
and τp(a) is diagonal with entries {σi1(g) · · ·σip(g) : i1 < · · · < ip}. So τp(g) has
singular value decomposition

τp(k)Q
−1[Qτp(a)Q

−1]Qτp(ℓ)

where Q = Q(p, g) is a signed permutation matrix which arranges the entries of
τp(a) is decreasing order (notice that we need the word “signed” so that detQ = 1).

Next we use the following result.
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Theorem 14.2 (Gol’dshĕid–Margulis [GM89]). Suppose S ⊂ SL(d,R) and the
group generated by S is Zariski dense in SL(d,R). If ΓS is the semigroup generated

by S, then for k = 1, . . . , d− 1 the semigroup τk(ΓS) ⊂ SL(∧k Rd) is proximal and
strongly irreducible.

Proof. One can prove strong irreducibility as we did in the proof of Theorem 12.3.
For the proximality, see [BQ16, Chapter 6]. □

So we can apply Corollary 13.2 to the measure (τp)∗µ. Then almost surely

lim
n→∞

σp(g1 · · · gn)
σp+1(g1 · · · gn)

= lim
n→∞

σ1(τp(g1) · · · τp(gn))
σ2(τp(g1) · · · τp(gn))

= +∞

and if g1 · · · gn = knanℓn is a singular value decomposition

lim
n→∞

kn[e1 ∧ · · · ∧ ep] = ζp(g),

where ζp : Ω → P(∧p Rd) is a Borel map.
Now fix g where kn[e1 ∧ · · · ∧ ep] → ζp(g) for p = 1, . . . , d − 1. We claim that

limn→∞ kn M exists. Let up(g) be a unit vector orthogonal to ζp−1(g) in ζp(g).
Then any limit point of knep is ±uk(g). Hence if k(g) ∈ SO(d) is an element with
k(g)ep = ±up(g), then

lim
n→∞

kn M = k(g)M .

15. Linear Divergence of Birkhoff Sums

To finish the proof of Theorem 10.1, we need to upgrade the divergence

lim
n→∞

σp(g1 · · · gn)
σp+1(g1 · · · gn)

= +∞

in Theorem 14.1 to show that

lim
n→∞

1

n
log

σp(g1 · · · gn)
σp+1(g1 · · · gn)

> 0.

This will be accomplished by using a trick from ergodic theory: if the Birkhoff sums
for an ergodic system diverge to infinity, then they diverge linearly. We follow the
proof in [BQ16, Section 3.5].

Proposition 15.1. Suppose T : (X,λ) → (X,λ) is ergodic. Let f ∈ L1(X,λ) and
let fn := f + f ◦ T + · · ·+ f ◦ Tn−1. Then the following are equivalent:

(1)
∫
fdλ > 0.

(2) limn→∞
1
nfn(x) > 0 for almost everywhere.

(3) limn→∞ fn(x) = +∞ almost everywhere,

Proof. By the Birkhoff ergodic theorem, limn→∞
1
nfn(x) =

1
λ(X)

∫
fdλ almost ev-

erywhere, so (1) ⇔ (2). Also, clearly (2) ⇒ (3). So it suffices to prove that (3) ⇒
(1).

Suppose for a contradiction that limn→∞ fn(x) = +∞ for almost every x, but∫
fdλ ≤ 0. If

∫
fdλ < 0, then the Birkhoff ergodic theorem would imply that

limn→∞ fn(x) = −∞ for almost every x and so we must have
∫
fdλ = 0.

By assumption there exists N > 0 such that the set

A := {x : fn(x) ≥ 1 for all n ≥ N}
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has positive measure. Applying the Birkhoff ergodic theorem to f and 1A, we can
fix x ∈ X such that

1

n
fn(x) →

1

λ(X)

∫
fdλ = 0

and
1

n+ 1

n∑
m=0

1A(T
mx) → 1

λ(X)

∫
1Adλ =

λ(A)

λ(X)
.

Let E := {m : Tmx ∈ A}. Then

|E ∩ [0, n]|
n+ 1

=
1

n+ 1

n∑
m=0

1A(T
mx) → λ(A)

λ(X)
.

Next fix a maximal subset

{0 ≤ m1 < m2 < · · · }
of E where mj+1 ≥ mj +N for all j = 1, 2, . . . . By maximality,

E ⊂
∞⋃
j=1

[mj −N,mj +N ].

Hence

|E ∩ [0,mj ]| ≤ (2N + 1)j.

Next notice that

fmj
(x) = fmj−1

(x) + fmj−mj−1
(Tmj−1x) ≥ fmj−1

(x) + 1

and so by induction

fmj
(x) ≥ (j − 1) + fm1

(x)

(where f0 ≡ 0 if m1 = 0). Then

0 = lim
j→∞

fmj
(x)

mj
≥ lim sup

j→∞

j

mj
≥ 1

2N + 1
lim sup
j→∞

|E ∩ [0,mj ]|
mj

=
λ(A)

(2N + 1)λ(X)
> 0

and we have a contradiction.
□

16. An integral formula

In this section we setup the ergodic system and function that we will apply
Proposition 15.1 to.

Let G = SL(d,R) and let µ be a probability measure on SL(d,R) where∫
SL(d,R)

log ∥g∥ dµ(g) < +∞.

Also suppose that the semigroup Γµ generated by supp(µ) is strongly irreducible
and proximal. Then by Theorem 13.1 there exists a unique stationary measure ν
on P(Rd).

As usual, let Ω = GN and β = µ⊗N. Then let S : Ω×P(Rd) → Ω×P(Rd) be the
extended shift map

S(g, [v]) = (Tg, g1[v]).

Since ν is the unique stationary measure, it is ergodic. So Proposition 8.5 implies
that S is ergodic with respect to β ⊗ ν.
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Define f : Ω× P(Rd) → R by

f(g, [v]) = log
∥g1v∥
∥v∥

.

Then ∫
fd(β ⊗ ν) =

∫
SL(d,R)×P(Rd)

log
∥gv∥
∥v∥

d(µ⊗ ν)(g, [v]).

Further, the Birkhoff sums satisfy

n−1∑
j=0

f ◦ Sj(g, [v]) =

n−1∑
j=0

log
∥gj+1 · · · g1v∥
∥gj · · · g1v∥

= log
∥gn · · · g1v∥

∥v∥
.

Theorem 16.1.

λ1(µ) =

∫
fd(β ⊗ ν) =

∫
SL(d,R)×P(Rd)

log
∥gv∥
∥v∥

d(µ⊗ ν)(g, [v]).

Hence, by ergodicity,

lim
n→∞

1

n
log ∥gn · · · g1v∥ = λ1(µ).

for β ⊗ ν-almost every (g, [v]).

Proof. Let

I :=

∫
fd(β ⊗ ν).

We need to show that I = λ1(µ). By the definition of Lyapunov exponents, for
β-almost every g we have

λ1(µ) = lim
n→∞

1

n
log σ1(gn · · · g1) = lim

n→∞

1

n
log ∥gn · · · g1∥ .

By the ergodicity of S, for β-almost every g we have

1

n
log

∥gn · · · g1v∥
∥v∥

→ I

for ν-almost every [v]. Fix g satisfying both almost everywhere conditions.
Fix nj → ∞ where

gnj · · · g1
σ1(gnj

· · · g1)
=

gnj · · · g1∥∥gnj
· · · g1

∥∥ → T

in End(Rd). By Theorem 13.1, ν(P(kerT )) = 0 and hence we can fix [v] ∈ P(Rd)
such that [v] /∈ P(kerT ) and

1

n
log

∥gn · · · g1v∥
∥v∥

→ I.

Then

I = lim
j→∞

1

nj
log

∥∥gnj · · · g1v
∥∥

∥v∥
= lim

j→∞

1

nj
log
∥∥gnj

· · · g1
∥∥+ 1

nj
log

∥∥∥∥∥ gnj
· · · g1v∥∥gnj
· · · g1

∥∥
∥∥∥∥∥

= λ1(µ) + 0 · ∥T (v)∥ = λ1(µ).

□
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17. Reverse products

The Birkhoff sums for the function introduced in the last section involve the
random products gn · · · g1 (instead of the usual random products g1 · · · gn). The
next result studies such products.

Suppose µ is a probability measure on G = SL(d,R) where the semigroup Γµ

generated by supp(µ) is strongly irreducible and proximal. Let Ω = GN and β =
µ⊗N be as usual.

Theorem 17.1.

(1) limn→∞
σ1(gn···g1)
σ2(gn···g1) = +∞ almost surely.

(2) There exist a Borel map ζ∗ : Ω → Grd−1(Rd) such that for almost every
g ∈ Ω every limit point of

gn · · · g1
∥gn · · · g1∥

in End(Rd) has kernel ζ∗(g).

(3) If [v] ∈ P(Rd), then

β({g : v ∈ ζ∗(g)}) = 0.

(4) If [v] ∈ P(Rd), then for almost every g ∈ Ω we have

lim inf
n→∞

∥gn · · · g1v∥
∥gn · · · g1∥ ∥v∥

> 0.

Proof. Define τ : SL(d,R) → SL(d,R) by τ(g) = gt. Let µt := τ∗µ and βt :=
(µt)⊗N. Then Γµt = τ(Γµ).

If {gn} ⊂ Γµ and gn
∥gn∥ → T where T has rank one, then

gt
n

∥gt
n∥

=
(

gn
∥gn∥

)t
→ T t

and T t has rank one. Hence Γµt is proximal. If V := ∪Vi is a finite union of
subspaces and Γµt · V = V, then Γµ · V ′ = V ′ where V ′ := ∪V ⊥

i . So Γµt is strongly
irreducible.

Then Theorem 13.1 has the following consequences:

• For βt-almost every h ∈ GN,

lim
n→∞

σ1(h1 · · ·hn)

σ2(h1 · · ·hn)
= +∞.

• There exists a Borel map ζ0 : Ω → P(Rd) such that for βt-almost every
h ∈ Ω every limit point of

h1 · · ·hn

∥h1 · · ·hn∥
in End(Rd) has rank one and image ζ0(h).

• νt = (ζ0)∗β
t is the unique stationary measure.

• νt assigns zero mass to every proper projective subspace.

Then for β-almost every g ∈ Ω,

lim
n→∞

σ1(g
t
1 · · · gtn)

σ2(gt1 · · · gtn)
= +∞

and every limit point of
gt1 · · · gtn
∥gt1 · · · gtn∥
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in End(Rd) has rank one and image ζ0(τg), where we abuse notation and also let τ
denote the map

(g1, g2, . . . ) ∈ Ω 7→ (gt1, g
t
2, . . . ) ∈ Ω.

Now

σk(gn · · · g1) = σk((gn · · · g1)t) = σk(g
t
1 · · · gtn)

and so (1) follows.
Further, if T is a limit point of gn···g1

∥gn···g1∥ , then T t is a limit point of

gt1 · · · gtn
∥gt1 · · · gtn∥

=
(gn · · · g1)t

∥gn · · · g1∥

and kerT = (imageT t)⊥. So (2) follows with ζ∗(g) = ζ0(τg)
⊥.

To prove (3) and (4), fix [v] ∈ P(Rd). Then v ∈ ζ∗(g) if and only if ζ0(τg) ⊂ v⊥.
Then, since νt assigns zero mass to every proper projective subspace,

β({g : v ∈ ζ∗(g)}) = β({g : ζ0(τg) ⊂ v⊥})

= (ζ0τ)∗β(v
⊥) = (ζ0)∗β

t(v⊥) = νt(v⊥) = 0.

This proves (3). Now for β-almost every g, we have v /∈ ζ∗(g) and every limit point
of

gn · · · g1
∥gn · · · g1∥

in End(Rd) has kernel ζ∗(g). For such g, fix nj → ∞ such that

L := lim inf
n→∞

∥gn · · · g1v∥
∥gn · · · g1∥ ∥v∥

= lim
j→∞

∥∥gnj · · · g1v
∥∥∥∥gnj

· · · g1
∥∥ ∥v∥ .

Passing to a subsequence we can suppose
gnj

···g1
∥gnj

···g1∥ → T in End(Rd). Then by

assumption v /∈ ζ∗(g) = kerT . Then L = ∥T (v)∥
∥v∥ > 0. □

18. Proof of Theorem 10.1

Let G = SL(d,R) and let µ be a probability measure on SL(d,R) with∫
SL(d,R)

log ∥g∥ dµ(g) < +∞.

As usual, let Ω = GN and β = µ⊗N.
Theorem 10.1 is a consequence of Theorem 14.1 and the following.

Theorem 18.1. If the group generated by supp(µ) is Zariski dense in SL(d,R),
then

λ1(µ) > λ2(µ) > · · · > λd(µ).

Consider the wedge representation τp : SL(d,R) → SL(∧p Rd). Then by the proof
of Theorem 14.1

(1) σ1(τp(g)) = σ1(g) · · ·σp(g),
(2) σ2(τp(g)) = σ1(g) · · ·σp−1(g)σp+1(g),
(3) τp(Γµ) is proximal and strongly irreducible,
(4) λ1(µp) = λ1(µ) + · · ·+ λp(µ) where µp := (τp)∗µ.
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Applying Theorem 17.1 to µp we have

(3) lim
n→∞

σp(gn · · · g1)
σp+1(gn · · · g1)

= lim
n→∞

σ1(τp(gn · · · g1))
σ2(τp(gn · · · g1))

= +∞

almost surely and for every [v] ∈ P(∧p Rd)

(4) 0 < lim inf
n→∞

∥τp(gn · · · g1)v∥
∥τp(gn · · · g1)∥ ∥v∥

= lim inf
n→∞

∥τp(gn · · · g1)v∥
σ1(gn · · · g1) · · ·σp(gn · · · g1) ∥v∥

almost surely.
By Theorem 13.1 there is a unique stationary measure νp on P(∧p Rd). Further,

by Theorem 16.1, if fp : Ω× P(∧p Rd) → R is the function

fp(g, [v]) = log
∥τp(g)v∥

∥v∥
then ∫

fpd(β ⊗ νp) = λ1(µp) = λ1(µ) + · · ·+ λp(µ).

Fix p ∈ {1, . . . , d− 1}. Let
Y := P(∧p−1 Rd)× P(∧p Rd)× P(∧p+1 Rd)

(when p = 1 we take Y = P(Rd) × P(∧2 Rd) and modify the proof accordingly).
Then SL(d,R) acts on Y by

g · ([v1], [v2], [v3]) = (τp−1(g)[v1], τp(g)[v2], τp+1(g)[v3]).

Define f : Ω× Y → R by

f(g, ([v1], [v2], [v3])) = 2fp(g, [v2])− fp−1(g, [v1])− fp+1(g, [v3]).

Finally, fix an ergodic stationary measure ν on Y (which exists by Remark 8.2).

Lemma 18.2.
∫
fd(β ⊗ ν) = λp(µ)− λp+1(µ).

Proof. For i = −1, 0, 1, let πi : Y → P(∧p+i Rd) be the natural projection. Then
τp+i(g) ◦ πi = πi ◦ g for all g ∈ SL(d,R). Then

µp+i ∗ (πi)∗ν =

∫
τp+i(g)∗(πi)∗νdµ(g) = (πi)∗

∫
g∗νdµ(g) = (πi)∗ν.

Hence (πi)∗ν is stationary and thus, by uniqueness, (πi)∗ν = νp+i. Thus∫
fd(β ⊗ ν) = 2

∫
fpd(β ⊗ νp)−

∫
fp−1d(β ⊗ νp−1)−

∫
fp+1d(β ⊗ νp+1)

= λp(µ)− λp+1(µ).

□

Let S : Ω× Y → Ω× Y be the extended shift map S(g, y) = (Tg, g1 · y). Since
ν is ergodic, Proposition 8.5 implies that S is ergodic with respect to β ⊗ ν.

Lemma 18.3. For every y ∈ Y and β-almost every g,

lim
n→∞

n−1∑
j=0

f ◦ Sj(g, y) = +∞.

Hence, by Proposition 15.1,

0 <

∫
fd(β ⊗ ν) = λp(µ)− λp+1(µ).
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Proof. Notice that

n−1∑
j=0

f ◦ Sj(g, y) = log
∥τp(gn · · · g1)v2∥2

∥τp−1(gn · · · g1)v1∥ ∥τp+1(gn · · · g1)v3∥
∥v1∥ ∥v3∥
∥v2∥2

.

So by Equation (4) for every y ∈ Y and almost every g there exists C = C(y,g) > 0
such that

n−1∑
j=0

f ◦ Sj(g, y) ≥ −C + log
σp(gn · · · g1)

σp+1(gn · · · g1)
.

Then by Equation (3) for every y ∈ Y and β-almost every g,

lim
n→∞

n−1∑
j=0

f ◦ Sj(g, y) = +∞. □

Part 3. Random Walks on Gromov Hyperbolic Spaces

19. Statement of Results

In this part we consider random walks on Gromov hyperbolic metric spaces
(defined in Section 20 below).

SupposeX is a Gromov hyperbolic metric space and µ is a probability measure on
the isometry group Isom(X). The metric spaceX admits a natural compactification
X ⊔∂GX (defined in Section 20 below) and Isom(X) extends to a continuous action
on this compactification.

A semigroup H ⊂ Isom(X) is non-elementary if

(1) There are no H-invariant subsets in ∂GX with cardinality 1 or 2.
(2) Every (some) orbit of H in X is unbounded.

We can think of (1) as a type of irreducibility assumption and (2) as a type of
proximality assumption.

In this part, we will prove the following results.

Theorem 19.1. Suppose the semigroup generated by supp(µ) is non-elementary.
Then:

(1) If o ∈ X, then

lim
n→∞

g1 · · · gn(o)

exists and is in ∂GX for β-almost every g.
(2) There is a unique stationary measure ν on ∂GX and for any measurable

A ⊂ ∂GX we have

ν(A) = β({g : lim
n→∞

g1 · · · gno ∈ A}).

(3) If
∫
Isom(X)

d(o, go)dµ(g) < +∞ for some (any) o ∈ X, then the linear drift

is positive.

For more properties of random walks in this context, see Maher–Tiozzo [MT18]
(who prove much more and consider non-proper Gromov hyperbolic spaces).

We will prove the above theorem by adapting our previous arguments for ma-
trix groups. In particular, we will use stationary measures to obtain qualitative
information and then upgrade this using ergodic theory.
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20. Gromov hyperbolic metric spaces

In this section we recall the definition of a Gromov hyperbolic metric space and
some of their basic properties.

Suppose X is a metric space.

• A geodesic in X is a map ℓ : I → X where I ⊂ R is an interval and

d(ℓ(s), ℓ(t)) = |s− t| ∀s, t ∈ I.

• X is proper if every bounded set is relatively compact and geodesic if every
two points are joined by a geodesic.

• A geodesic triangle in X is a choice of three points and geodesics joining
them.

• A geodesic triangle T is δ-slim if every point on T is contained in the
δ-neighborhood of the other two sides.

Definition 20.1. A proper geodesic metric space (X,d) is δ-hyperbolic if every
geodesic triangle is δ-slim. A metric space is Gromov hyperbolic if it is δ-hyperbolic
for some δ ≥ 0.

Example 20.2. If d ≥ 2, then Rd with the Euclidean metric is not Gromov hy-
perbolic.

Proof. For R > 0, consider the triangle TR with vertices 0, (R, 0, . . . , 0), and
(0, R, 0, . . . , 0). There exists some ϵ > 0 such that T1 is not ϵ-slim. Then TR is

not Rϵ-slim. So Rd is not Gromov hyperbolic. □

Example 20.3. If T is a (possibly infinite) tree with the geodesic distance making
every edge isometric to [0, 1], then T is 0-hyperbolic.

Proof. Notice that in any geodesic triangle any side is contained in the union of the
other two sides. So T is 0-hyperbolic. □

Example 20.4. The hyperbolic plane with the Poincaré metric is Gromov hyper-
bolic. Recall, that the hyperbolic plane is H2 = {z : Im(z) > 0} endowed with the

Riemannian metric dx2+dy2

y2 . Then the distance is given by

ρ(z1, z2) = inf
γ

∫ b

a

|γ′(t)|
Im(γ(t))

dt

where the infimum is taken over all piecewise smooth curves γ : [a, b] → H2 joining
z1 to z2.

Proof. The proof requires two facts:

• Geodesics in H2 are either vertical lines or half circles which intersect the
real line at right angles,

• Isom(H2) acts transitively on H2.

For z1, z2 ∈ H2 let [z1, z2] denote the geodesic joining z1 to z2.
Suppose for a contradiction that for every n ≥ 1 there exists a geodesic triangle

with vertices xn, yn, zn and un ∈ [xn, yn] where

ρ(un, [yn, zn] ∪ [zn, xn]) > n.
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Translating by Isom(H2) we can assume that un = i for all n. Then passing to a
subsequence we can suppose that xn, yn, zn → x, y, z. Since

lim
n→∞

ρ(un, [yn, zn] ∪ [zn, xn]) = +∞

we must have x, y, z ∈ R∪{∞}. The geodesic line joining x and y contains i and
so we must have x ̸= y. Thus either z ̸= x or z ̸= y. By possibly relabelling we can
assume that x ̸= z. Then fix v in the geodesic line joining x to z. Then we can find
vn ∈ [xn, zn] with vn → v. Then

+∞ = lim
n→∞

ρ(un, [yn, zn] ∪ [zn, xn]) ≤ lim
n→∞

ρ(un, vn) = ρ(i, v) < +∞.

So we have a contradiction.
□

Theorem 20.5. Suppose Γ is a finitely generated group. Then either every Cay-
ley graph of Γ is Gromov hyperbolic or every Cayley graph of Γ is not Gromov
hyperbolic.

Definition 20.6. A finitely generated group is word hyperbolic if its Cayley graphs
are Gromov hyperbolic.

Example 20.7. A non-abelian free group is word hyperbolic.

Example 20.8. The fundamental group of a closed Riemannian manifold with
negative sectional curvature is word hyperbolic (e.g. a surface with genus at least
two).

20.1. The Gromov boundary. In this section we describe a compactification of
a Gromov hyperbolic metric space X.

Definition 20.9.

(1) Two geodesic rays ℓ1, ℓ2 : [0,∞) → X are equivalent if there exists R > 0
such that

d(ℓ1(t), ℓ2(t)) ≤ R for all t ≥ 0.

(2) The Gromov boundary denoted by ∂GX is the set of equivalence classes of
geodesic rays ℓ : [0,∞) → X.

One can show that ∂GX naturally compactifies X.

Theorem 20.10. The set X
G
:= X ⊔ ∂GX has a natural topology which makes it

a compactification of X, that is: X
G
is a compact metrizable space, the inclusion

map X ↪→ X
G
is a homeomorphism onto its image, and X is open dense in X

G
.

For a proof see [BH99, Part III, Chapter H, Section 3].

Remark 20.11. The proof of the theorem is somewhat technical, but convergence
in the topology is easy to describe. First notice that by the Arzelá–Ascoli theorem,
if {ℓn} is a sequence of geodesics with {ℓn(0)} bounded, then {ℓn} is relatively
compact in the topology of local uniform convergence and any limit point is a
geodesic.
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• A sequence {xn} ⊂ X converges to ξ ∈ ∂GX if and only if whenever
ℓn : [0, bn] → X are geodesics with {ℓn(0)} bounded and ℓn(bn) = xn, then
bn → ∞ and any limit point of {ℓn} is a geodesic ray in the equivalence
class of ξ. In particular, if ℓ : [0,∞) → X is a geodesic ray, then

lim
t→∞

ℓ(t) = [ℓ].

• A sequence {ξn} ⊂ ∂GX converges to ξ ∈ ∂∞X if and only if whenever
ℓn : [0,+∞) → X are geodesic rays with {ℓn(0)} bounded and [ℓn] = ξn,
then any limit point of {ℓn} is a geodesic ray in the equivalence class of ξ.

Isometries map geodesics to geodesics and hence we also have the following.

Proposition 20.12. If f : X → X is an isometry, then f extends continuously

to a homeomorphism X
G → X

G
. Moreover, with this extension, Isom(X) acts

continuously on X
G
.

Example 20.13.

• The Gromov boundary of the hyperbolic plane is ∂G H2 = R∪{∞}.
• The Gromov boundary of an infinite tree is the space of ends.

20.2. Visibility and Contraction. In this subsection we recall an important
property of Gromov hyperbolic spaces (sometimes called the visibility lemma) and
then use it to prove a contracting property for sequences of isometries.

Suppose for the rest of the subsection that (X,d) is δ-hyperbolic.

Proposition 20.14 (Visibility Lemma). Suppose ξ+, ξ− ∈ ∂GX are distinct. Then

(1) For any neighborhoods V ± of ξ± with V + ∩V − = ∅, there exists a compact
set K ⊂ X such that any geodesic joining a point in V − to a point in V +

intersects K.
(2) There exists a geodesic line ℓ : R → X with limt→±∞ ℓ(t) = ξ±.

Proof. (1). Suppose (1) is false. Fix o ∈ X. Then for every n there exist x±
n ∈

V ± ∩ X and a geodesic segment ℓn joining x±
n so that d(ℓn, o) > n. Let ℓ±n be

a geodesic joining o to x±
n . Passing to a subsequence we can suppose that ℓ±n

converges to a geodesic ray ℓ± : [0,∞) → X. Then [ℓ±] ∈ V ± and hence ℓ+, ℓ− are
in different equivalence classes. So

lim sup
t→∞

d(ℓ−(t), ℓ+(t)) = +∞.

So we can fix t0 > 0 where d(ℓ−(t0), ℓ
+(t0)) > 2δ. Passing to a tail of our sequences

we can assume that

d(ℓ−n (t0), ℓ
+
n (t0)) > 2δ

for all n ≥ 1.
Now consider the geodesic triangles ℓ−n ∪ ℓ+n ∪ ℓn. Since X is Gromov hyperbolic,

d(ℓ+n (t0), ℓ
−
n ∪ ℓn) ≤ δ.

Notice that

d(ℓ+n (t0), ℓ
−
n (s)) ≥

∣∣d(ℓ+n (t0), o)− d(o, ℓ−n (s))
∣∣ = |t0 − s|

and

d(ℓ+n (t0), ℓ
−
n (s)) ≥

∣∣d(ℓ+n (t0), ℓ−n (t0))− d(ℓ−n (t0), ℓ
−
n (s))

∣∣ > 2δ − |t0 − s| .
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So

d(ℓ+n (t0), ℓ
−
n ) > δ.

Thus

d(ℓ+n (t0), ℓn) ≤ δ.

Thus

n ≤ d(o, ℓn) ≤ δ + t0

and so we have a contradiction.
(2). Fix {x±

n } ⊂ X such that x±
n → ξ±. Let ℓn be a geodesic joining x±

n . By
(1), each ℓn intersects a fixed compact set K. So we can pass to a subsequence and
reparametrize so that ℓn converges locally uniformly to a geodesic line ℓ : R → X.
By Remark 20.11, ℓ|[0,∞) is in the equivalence class of ξ+ and so limt→∞ ℓ(t) = ξ+.

Likewise, limt→−∞ ℓ(t) = ξ−. □

Corollary 20.15. If {xn} ⊂ X converges to ξ ∈ ∂GX and {yn} ⊂ X satisfies

R := sup
n≥1

d(xn, yn) < +∞,

then yn → ξ.

Proof. Fix o ∈ X and a geodesic ℓn joining xn to yn. Then

d(o, ℓn) ≥ d(o, xn)−R → +∞

So for any compact set K ⊂ X we eventually have ℓn ∩ K = ∅. Thus, by the
visibility lemma, yn → ξ.

□

The Gromov boundary has the following important contraction property with
respect to isometries.

Theorem 20.16. Suppose {γn} ⊂ Isom(X) is a sequence of isometries and o ∈ X.
If γno → ξ+ ∈ ∂GX and γ−1

n o → ξ− ∈ ∂GX, then

γnx → ξ+

for all x ∈ X
G ∖ {ξ−} and the convergence is uniform on compact subsets of X

G ∖
{ξ−}.

Proof. Fix a compact set K ⊂ X
G ∖ {ξ−} and suppose for a contradiction that

γn|K does not converge uniformly to the constant map ξ+. Then after passing to a
subsequence there exist a neighborhood U of ξ+ and {xn} ⊂ K such that γnxn /∈ U
for all n ≥ 1. By perturbing, we can assume that {xn} ⊂ X.

Fix a geodesic ℓn : [0, bn] → X joining o to γnxn. Passing to a subsequence we
can suppose that ℓn → ℓ locally uniformly. Since γ−1

n ℓn joins γ−1
n o to xn, by the

visibility property, there exists {tn} such that

R := sup
n≥1

d(γ−1
n ℓn(tn), o) < +∞.

Then

d(ℓn(tn), γno) ≤ R.

Since γno → ξ+ ∈ ∂GX, we must have tn → +∞. Thus bn → +∞ and ℓ is a
geodesic ray.
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Since ℓn joins o to γnxn, we have

[ℓ] = lim
n→∞

γnxn /∈ U

and hence [ℓ] ̸= ξ+. On the other hand, ℓn|[0,tn] → ℓ and so

[ℓ] = lim
n→∞

ℓ(tn).

Then by the corollary, [ℓ] = ξ+. So we have a contradiction. □

Corollary 20.17. Suppose {γn} ⊂ Isom(X) is a sequence of isometries and o ∈ X.
If γno → ξ+ ∈ ∂GX, γ−1

n o → ξ− ∈ ∂GX, and ν is a probability measure on ∂GX
with ν({ξ−}) = 0, then

(γn)∗ν → δξ+ .

Proof. This is very similar to the proof of Observation 11.4. □

21. Stationary Measures

Suppose X is a Gromov hyperbolic space and µ is a probability measure on
Isom(X).

Recall that a semigroup H ⊂ Isom(X) is non-elementary if

(1) There are no H-invariant subsets in ∂GX with cardinality 1 or 2.
(2) Every (some) orbit of H in X is unbounded.

Theorem 21.1. If the semigroup Γ+
µ generated by supp(µ) is non-elementary, then:

(1) There is a unique stationary measure ν on ∂GX.
(2) ν has no atoms.
(3) There exists a Borel map ζ : Ω → ∂GX such that for β-almost every g:

(a) The limit measure νg is a Dirac mass centered at ζ(g).
(b) limn→∞ g1 · · · gn(o) = ζ(g) for all o ∈ X.

(4) If o ∈ X and A ⊂ ∂GX is measurable, then

ν(A) = Pr
(
lim
n→∞

g1 · · · gn(o) ∈ A
)
= β({g : ζ(g) ∈ A}),

equivalently ν = ζ∗β.

Remark 21.2. Recall from Theorem 9.1, that given a stationary measure ν the limit

νg = lim
n→∞

(g1 · · · gn)∗ν

exists for β-almost every g and

ν =

∫
νgdβ.

The proof is very similar to the proof of Theorem 13.1.

Lemma 21.3. If ν is a stationary measure, then ν has no atoms.

Proof. Suppose not. Let c := sup{ν({y}) : y ∈ ∂GX}. Since ν is a probability
measure the set of points with mass at least c/2 is finite and so the set F := {y :
ν({y}) = c} is finite and non-empty. Since ν is stationary,

ν({y}) =
∫
Isom(X)

ν({g−1y})dµ(g).

So if y ∈ F , then g−1y ∈ F for µ-almost every g. If y ∈ F and g ∈ supp(µ), then
there exists gn → g where g−1

n y ∈ F for all n. Since F is finite, then g−1y ∈ F .
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Thus g−1F = F for all g ∈ supp(µ). Hence F is Γ+
µ -invariant. Then by assumption

|F | ≥ 3.
Fix o ∈ X. By assumption there exists {gn} ⊂ Γ+

µ such that d(gn(o), o) → +∞.

Passing to a subsequence we can assume that gno → ξ+ and g−1
n o → ξ−. Then

gnx → ξ+ for all x ∈ X
G ∖{ξ−}. Since |F | ≥ 3, we can fix distinct a, b ∈ F −{ξ−}.

Then gna → ξ+ and gnb → ξ+. Further, for every n ≥ 1 at least one of gna and
gnb does not equal ξ+. So we can find {xn} ⊂ F such that xn → ξ+ and xn ̸= ξ+

for all n. Thus {xn} contains infinitely many distinct points, which contradicts the
fact that F is finite. □

Lemma 21.4. There exist a Borel map ζ : Ω → ∂GX such that:

(1) If o ∈ X, then limn→∞ g1 · · · gn(o) = ζ(g) for β-almost every g.
(2) ν = ζ∗β is the unique stationary measure and νg is a Dirac mass centered

at ζ(g) for β-almost every g.

Proof. Fix a stationary measure ν. By Corollary 9.6, for every m ∈ Z≥0, for
µ∗m ⊗ β-almost every (h,g) one has

(g1 · · · gnh)∗ν → νg

(here we define µ∗0 = δid). Hence, there exists a full measure set Ω′ ⊂ Ω such that
for every g ∈ Ω′, for every m ∈ Z≥0, and for µ∗m-almost every h ∈ Isom(X) we
have

(g1 · · · gnh)∗ν → νg.

Fix g ∈ Ω′ and fix o ∈ X. We first claim that every limit point of {(g1 · · · gn)(o)}
is in ∂GX. Suppose not. Then there exists nj → ∞ such that (g1 . . . gnj

)(o) → x ∈
X. Using the Arzelá-Ascoli theorem and passing to a subsequence we can suppose
that (g1 . . . gnj

) → T in Isom(X). Then

(5) νg = lim
j→∞

(g1 · · · gnj
h)∗ν = T∗h∗ν

for every m ∈ Z≥0 and for µ∗m-almost every h ∈ Isom(X). Then by continuity,
T∗h∗ν = νg for every h ∈ Γ+

µ . Since Γ+
µ is non-elementary, there exists {hn} ⊂ Γ+

µ

with d(hno, o) → +∞. Passing to a subsequence we can assume that hno → ξ+ ∈
∂GX and h−1

n o → ξ− ∈ ∂GX. Then

hnx → ξ+

for all x ∈ X
G ∖ {ξ−}. Since ν is atomless, Corollary 20.17 implies

νg = lim
n→∞

T∗(hn)∗ν = T∗δξ+ = δTξ+ .

By Equation (5), we have also T∗ν = νg and so

ν = (T−1)∗νg = (T−1)∗δTξ+ = δξ+

is a Dirac mass, which contradicts the fact that ν is atomless. Thus every limit
point of {(g1 · · · gn)(o)} is in ∂GX.

Now suppose η+ is a limit point of {(g1 · · · gn)(o)}. Then there exists nj → ∞
such that (g1 . . . gnj

)(o) → η+. Passing to a further subsequence, we can suppose

that (g1 . . . gnj
)−1(o) → η−. Then, since ν is atomless, Corollary 20.17 implies

νg = lim
j→∞

(g1 . . . gnj
)∗ν = δη+ .
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This implies that η+ is the only limit point of {(g1 · · · gn)(o)}. Hence if ζ(g) := η+,
then

lim
n→∞

(g1 · · · gn)(o) = ζ(g).

Since g ∈ Ω′ was arbitrary,

ζ(g) := lim
n→∞

(g1 · · · gn)(o)

exists for all g ∈ Ω′ and Ω′ has full β-measure.
Now suppose ν̃ is a (possibly different) stationary measure. There exists a full

measure set Ω′′ such that

ν̃g = lim
n→∞

(g1 · · · gn)∗ν̃

exists for all g ∈ Ω′′. If g ∈ Ω′ ∩ Ω′′, then (g1 · · · gn)(o) → ζ(g) and so Corol-
lary 20.17 implies that

ν̃g = lim
n→∞

(g1 · · · gn)∗ν̃ = δζ(g).

Then, since Ω′ ∩ Ω′′ has full measure,

ν̃ =

∫
ν̃gdβ(g) =

∫
δζ(g)dβ(g),

i.e. ν̃ = ζ∗β. Hence ζ∗β is the unique stationary measure.
□

22. The Busemann boundary and an integral formula for the linear
drift

In this section we establish a result of Karlsson–Ledrappier, see Theorem 18
in [KL11], which provides an integral formula for the linear drift.

Suppose X is a proper metric space. Fix a point o ∈ X and let K ⊂ C(X) be
the set of 1-Lipschitz functions with f(o) = 0. Define a distance ρ on K by

ρ0(f, g) =

∞∑
n=1

2−n max
x:d(x,o)≤n

|f(x)− g(x)| .

Then (K, ρ0) is a compact metric space where fn → f with respect to ρ0 if and
only if fn converges uniformly on compact sets to f .

We map X into K as follows. Given y ∈ X, let by : X → R be the function

by(x) = d(x, y)− d(o, y).

Then by ∈ K. The Busemann boundary, denoted ∂BX, is the set of all functions
b : X → R where b = limn→∞ byn

for some sequence {yn} ⊂ X with d(o, yn) → ∞.

Observation 22.1. The set X
B

:= X ⊔ ∂BX admits a topology which makes it

a compactification of X, i.e. X
B

is a compact metrizable space, the inclusion map

X ↪→ X
B
is a homeomorphism onto its image, and X is open dense in X

B
. Further

(1) {xn} ⊂ X converges to b ∈ ∂BX if and only if d(o, xn) → ∞ and bxn
→ b

locally uniformly.

(2) The action of Isom(X) on X extends continuously to an action on X
B

where Isom(X) acts on ∂BX by

g · b = b ◦ g−1 − b(g−1o).
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Proof. Let h(x) = 1
1+d(o,x) . Then define a distance ρ on X

B
by

ρ(x, y) = min{d(x, y), h(x) + h(y)}+ ρ0(bx, by) when x, y ∈ X,

ρ(x, b) = ρ(b, x) = h(x) + ρ0(bx, b) when x ∈ X, b ∈ ∂BX,

ρ(b1, b2) = ρ0(b1, b2) when b1, b2 ∈ ∂BX.

Check that this has all the desired properties.
□

Next we define cB : Isom(X)×X
B → R by

cB(g, b) =

{
b(g−1o) if b ∈ ∂BX

d(g−1o, b)− d(o, b) if b ∈ X

Notice that cB is continuous.

Observation 22.2. |cB(g, ·)| ≤ d(go, o) and cB is a cocycle, i.e.

cB(g1g2, b) = cB(g1, g2b) + cB(g2, b)

for all g1, g2 ∈ Isom(X) and b ∈ X
B
.

Proof. By density and continuity, we can assume that b ∈ X. Then

|cB(g, b)| =
∣∣d(g−1o, b)− d(o, b)

∣∣ ≤ d(g−1o, o) = d(o, go)

and

cB(g1g2, b) = d(g−1
2 g−1

1 o, b)− d(o, b)

= d(g−1
1 o, g2b)− d(o, g2b) + d(g−1

2 o, b)− d(o, b)

= cB(g1, g2b) + cB(g2, b).

□

Theorem 22.3. If X is a proper metric space, µ is a probability measure on
G := Isom(X), and ∫

G

d(o, go)dµ(g) < +∞

(hence the linear drift exists), then there exists an ergodic stationary measure ν on

X
B

such that the linear drift satisfies

Lµ =

∫
G×X

B
cBd(µ⊗ ν).

Moreover, if d(o, g1 · · · gn(o)) → +∞ almost surely, then supp(ν) ⊂ ∂BX.

For the rest of the section suppose µ satisfies the hypothesis of the theorem.

Lemma 22.4. If ν is a stationary measure on X
B
, then∫

G×X
B
cBd(µ⊗ ν) ≤ Lµ.
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Proof. Since ν is stationary, for any k ≥ 1∫
G×X

B
cBd(µ⊗ ν) =

∫
G

∫
X

G
cB(g, b)d(µ

∗k ∗ ν)(b)dµ(g)

=

∫
G

∫
X

G
cB(g, h · b)dν(b)dµ∗k(h)dµ(g)

=

∫
G

∫
X

G
cB(gh, b)− cB(h, b)dν(b)dµ

∗k(h)dµ(g)

=

∫
G×X

B
cBd(µ

∗(k+1) ⊗ ν)−
∫
G×X

B
cBd(µ

∗k ⊗ ν).

Since µ∗0 = δid, ∫
G×X

B
cBd(µ

∗0 ⊗ ν) =

∫
X

B
b(o)dν(b) = 0

and so the above formula is also true for k = 0. Then averaging over k = 0, . . . , n−1
and sending n → ∞, we obtain∫

G×X
B
cBd(ν ⊗ µ) = lim

n→∞

1

n

∫
G×X

B
cBd(µ

∗n ⊗ ν) = lim
n→∞

1

n

∫
G×X

B
cBd(µ

∗n ⊗ ν)

≤ lim
n→∞

1

n

∫
G

d(o, go)µ∗n(g) = Lµ,

where in the last equality we used Kingman’s ergodic theorem. □

Lemma 22.5. There exists a stationary measure ν on X
B

with∫
G×X

B
cBd(µ⊗ ν) = Lµ.

Moreover, if d(o, g1 · · · gno) → +∞ almost surely, then supp(ν) ⊂ ∂BX.

Proof. Consider the probability measures λk :=
∫
G
δgodµ

∗k(g) and

νn :=
1

n

n−1∑
k=0

λk

on X
B
. Notice that

µ∗λk =

∫
H

∫
G

h∗δgodµ
∗k(g)dµ(h) =

∫
H

∫
G

δhgodµ
∗k(g)dµ(h) =

∫
G

δgodµ
∗(k+1)(g) = λk+1.

So

µ ∗ νn :=
1

n

n∑
k=2

λk = νn +
1

n
λn+1 −

1

n
λ1.

Hence, any weak-∗ limit point of {νn} is stationary.
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Next notice that∫
G

∫
X

B
cB(g, b)dνn(b)dµ(g) =

∫
G

∫
X

B
d(g−1o, b)− d(o, b)dνn(b)dµ(g)

=
1

n

n−1∑
k=1

∫
G

∫
G

d(g−1o, ho)− d(o, ho)dµ∗k(h)dµ(g)

=
1

n

n−1∑
k=1

∫
G

d(o, ho)dµ∗(k+1)(h)−
∫
G

d(o, ho)dµ∗k(h)

=
1

n

∫
G

d(o, ho)dµ∗n(h)− 1

n

∫
G

d(o, ho)dµ(h)

which converges to Lµ by Kingman’s ergodic theorem.
Now fix ν = limj→∞ νnj . Then∣∣∣∣∫

X
B
cB(g, b)dνn(b)

∣∣∣∣ ≤ d(go, o)

and so by the dominated convergence theorem∫
G×X

B
cBd(µ⊗ ν) =

∫
G

[∫
X

B
cB(g, b)dν(b)

]
dµ(g)

= lim
j→∞

∫
G

∫
X

B
cB(g, b)dνnj

(b)dµ(g) = Lµ.

Finally assume that d(o, g1 · · · gno) → +∞ almost surely. Then for any compact
set K ⊂ X, we have

lim
j→∞

λj(K) = lim
j→∞

∫
Ω

1K(g1 · · · gno)dβ = 0

by the dominated convergence theorem. Thus supp(ν) ⊂ ∂BX. □

To finish the proof we need to use some functional analysis. Consider the function

L(ν) :=

∫
G×X

B
cBd(µ⊗ ν)

on the space of stationary measures. This is continuous (check!) and affine, i.e.
L(tν1+(1− t)ν2) = tL(ν1)+(1− t)L(ν2). By the above lemmas we know that Lµ is
the maximum value of L. Since L is continuous and affine, there exists an extreme
point, i.e. an ergodic stationary measure, that realizes the maximum value (this
assertion requires Choquet’s theorem).

In the case when d(o, g1 · · · gno) → +∞ almost surely, we consider L restricted
to the space of stationary measures whose support is in ∂BX.

23. The Busemann boundary of a Gromov hyperbolic space

In this section we relate the Busemann boundary to the Gromov boundary.

Theorem 23.1. If X is a Gromov hyperbolic metric space, then the identity map
X → X extends to a continuous map

X
B → X

G
.

Remark 23.2. In general, the map is not injective on ∂BX.

We start with some general observations.
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Lemma 23.3. Suppose {xn} ⊂ X converges to b ∈ ∂BX in X
B

and to ξ ∈ ∂GX

in X
G
. For any compact set K ⊂ X

G − {ξ} there exists a constant C = C(K) > 0
such that: if x ∈ K ∩X, then

b(x) ≥ d(x, o)− C.

Proof. Fix a neighborhood U of ξ in X
G
with K ∩ U = ∅. By the visibility lemma

(Proposition 20.14), there is R > 0 so that if ℓ is a geodesic joining a point in U to
a point in K, then

ℓ ∩BR(o) ̸= ∅.
Now fix x ∈ K ∩X. For each n ≥ 1 fix a geodesic ℓn joining x to xn. Then for

n sufficiently large there exists un ∈ ℓn such that un ∈ BR(o). Then

b(x) = lim
n→∞

d(x, xn)− d(xn, o) = lim
n→∞

d(x, un) + d(un, xn)− d(xn, o)

≥ lim
n→∞

−2R+ d(x, o) + d(o, xn)− d(xn, o) ≥ −2R+ d(x, o). □

Lemma 23.4. Suppose {xn} ⊂ X converges to b ∈ ∂BX in X
B

and to ξ ∈ ∂GX

in X
G
. If ℓ : [0,∞) → X is a geodesic ray with [ℓ] = ξ, then

lim
t→∞

b(ℓ(t)) = −∞.

Proof. Let ℓn be a geodesic joining o to xn. Then passing to a subsequence we can
suppose that ℓn → ℓ̄. Then [ℓ̄] = ξ and so

C := sup
t≥0

d(ℓ(t), ℓ̄(t)) < +∞.

Fix t ≥ 0. Then

b(ℓ(t)) = lim
n→∞

d(ℓ(t), xn)− d(o, xn) = lim
n→∞

d(ℓ(t), xn)− d(o, ℓn(t))− d(ℓn(t), xn)

≤ lim inf
n→∞

d(ℓ(t), ℓn(t)) + d(ℓn(t), xn)− d(o, ℓn(t))− d(ℓn(t), xn)

= d(ℓ(t), ℓ̄(t))− t ≤ C − t.

So b(ℓ(t)) → −∞.
□

Lemma 23.5. If {xn} ⊂ X converges in X
B
, then {xn} converges in X

G
.

Proof. Suppose xn → b in X
B
. Suppose ξ is a limit point of {xn} in X

G
. By the

previous two lemmas, for every geodesic ray ℓ : [0,∞) → X we have

lim
t→∞

b(ℓ(t)) =

{
+∞ if [ℓ] ̸= ξ

−∞ if [ℓ] = ξ
.

This implies that the only limit point of {xn} in X
G
is ξ and hence {xn} converges

in X
G
. □

By the Lemma, the function F : X
B → X

G
given by

F (b) =

{
b if b ∈ X

limX∋x→b x if b ∈ ∂BX

is well defined. Using the Lemma, one can check that F is continuous.
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24. Positive Linear Drift

Suppose X is a Gromov hyperbolic space, and µ is a probability measure on
Isom(X) where ∫

Isom(X)

d(o, go)dµ(g) < +∞.

and the semigroup generated by supp(µ) is non-elementary. We finish the proof of
Theorem 19.1 by proving that the linear drift is positive.

Fix o ∈ X and let X
B

be the associated Busemann compactification. Define
f : Ω × ∂BX → R by f(g, b) = cB(g1, b) = b(g−1

1 o). By Theorem 21.1, we know
that d(o, g1 · · · gno) → +∞ almost surely. So by Theorem 22.3, there exists an
ergodic stationary measure ν on ∂BX such that

Lµ =

∫
Isom(X)×∂BX

cB(g, b)d(µ⊗ ν)(g, b) =

∫
Ω×∂BX

fd(β ⊗ ν).

Let S : Ω × ∂BX → Ω × ∂BX be the extended shift map S(g, b) = (Tg, g1 · b).
Since ν is ergodic, Proposition 8.5 implies that S is ergodic with respect to β ⊗ ν.
Then, using Proposition 15.1, to prove that Lµ > 0 it suffices to show that

n−1∑
j=0

f ◦ Sj(g, b) → +∞

almost everywhere. Recall that

g · b = b ◦ g−1 − b(g−1o)

and so

n−1∑
j=0

f ◦ Sj(g, b) =

n−1∑
j=0

f(T j(g), gj · · · g1b) =
n−1∑
j=0

gj · · · g1b(g−1
j+1o)

=

n−1∑
j=0

b(g−1
1 · · · g−1

j+1o)− b(g−1
1 · · · g−1

j o)

= b(g−1
1 · · · g−1

n o)− b(o) = b(g−1
1 · · · g−1

n o).

Lemma 24.1. There is a Borel map ζ̂ : Ω → ∂GX such that for β-almost every g
we have

lim
n→∞

g−1
1 · · · g−1

n (o) = ζ̂(g).

Proof. Let i : Isom(X) → Isom(X) be inversion i(g) = g−1 and let µ̂ := i∗µ. The
semigroup generated by supp(µ̂) is non-elementary (check!) and so by Theorem 21.1

there is a Borel map ζ̂0 : Ω → ∂GX such that for β̂ := µ̂⊗N-almost every h we have

lim
n→∞

h1 · · ·hn(o) = ζ̂0(h).

Equivalently, for β-almost every g we have

lim
n→∞

g−1
1 · · · g−1

n (o) = ζ̂(g).

where ζ̂(g1, g2, . . . ) := ζ̂0(g
−1
1 , g−1

2 , . . . ). □
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Let π : ∂BX → ∂GX be the continuous map from Theorem 23.1. Then π∗ν is
a stationary measure on ∂GX. So by Theorem 21.1 π∗ν is the unique stationary
measure on ∂GX and has no atoms. Thus for any ξ ∈ ∂GX,

ν(π−1(ξ)) = π∗ν({ξ}) = 0.

Then

(β ⊗ ν)
(
{(g, b) : lim

n→∞
g−1
1 · · · g−1

n (o) = ζ̂(g) and π(b) ̸= ζ̂(g)}
)

=

∫
Ω

1− ν
(
π−1(ζ̂(g))

)
dβ(g) =

∫
Ω

1dβ = 1.

For (g, b) in this full measure set, Lemma 23.3 implies that there exists a constant
C = C(g, b) such that

b(g−1
1 · · · g−1

n o) > d(g−1
1 · · · g−1

n o, o)− C

and hence b(g−1
1 · · · g−1

n o) → +∞.
So

n−1∑
j=0

f ◦ Sj(g, b) = b(g−1
1 · · · g−1

n o) → +∞

almost everywhere. Thus by Proposition 15.1,

Lµ =

∫
Ω×∂BX

fd(β ⊗ ν) > 0.

Part 4. Random walks on finitely generated groups

25. Introduction

In this part of the lecture notes, we consider the case when Γ is a finitely gener-
ated group (we now use Γ to denote our group).

Given a probability measure µ on Γ and g1, g2, . . . independent identically dis-
tributed elements of Γ each with distribution µ, we can view the random products

Xn = g1 · · · gn
as a random walk on Γ starting at id. Notice that the distribution of X−1

n−1Xn is µ
and so µ is called the step distribution of the random walk. Also notice that

pn(α, β) := µ∗n(α−1β).

represents the probability that a random walk moves from α to β after n-steps.
Finally, we can view Ω = ΓN as the space of all possible steps along random

walks and β = µ⊗N as the probability that a set of steps occur.
Now we introduce the terminology we will use through out this part of the lecture

notes.

Word length. Given a finite generating set S ⊂ Γ (i.e. every element of Γ can be
written as a product of elements in S), we let

|γ|S := min{k : γ ∈ Sk}
denote the word length with respect to S. If S′ ⊂ Γ is another finite generating set,
then there exists C > 1 such that

1

C
|γ|S ≤ |γ|S′ ≤ C |γ|S
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for all γ ∈ Γ. So in many cases, the exact choice of finite generating set doesn’t
matter.

In the case when S is symmetric, i.e. s ∈ S ⇔ s−1 ∈ S, then the function

dS(g, h) =
∣∣g−1h

∣∣
S

is a metric on Γ called the word metric induced by S.

Symmetric. A random walk is symmetric if

µ(g) = µ(g−1)

for all g ∈ Γ.

Irreducible. A random walk is irreducible if Γ is generated by supp(µ) as a semi-
group, i.e.

Γ =
⋃
n≥1

supp(µ∗n) =
⋃
n≥1

supp(µ)n.

Recurrent and Transient. A random walk is recurrent if

Pr(Xn = id for some n ≥ 1) = 1,

i.e. if the random walk almost surely returns to id, otherwise it is transient.

Observation 25.1. If Fn ⊂ Ω is the set of random walks that return to id at least
n times, then β(Fn) = β(F1)

n.

Proof. Fix n > 1. For m ∈ N, let Fn−1,m ⊂ Ω be the set of random walks that
return to id at step m and return to id exactly n − 1 times in the first m-steps.
Notice that

Fn−1 =
⊔

m≥n−1

Fn−1,m and Fn =
⊔

m≥n−1

πm(Fn−1,m)× F1

where πm : Ω → Γm is the projection onto the first m-coordinates. Also notice that
Fn−1,m = πm(Fn−1,m)× ΓN and so

β(Fn−1) =
∑

m≥n−1

β(Fn−1,m) =
∑
m≥1

µ⊗m(πm(Fn−1,m))

and

β(Fn) =
∑

m≥n−1

β(πm(Fn−1,m)× F1) =
∑
m≥1

µ⊗m(πm(Fn−1,m))β(F1)

= β(Fn−1)β(F1).

Then by induction β(Fn) = β(F1)
n.

□

Proposition 25.2. Given a random walk, the following are equivalent:

(1) The random walk is recurrent.
(2) Pr(Xn = id for infinitely many n ≥ 1) = 1.
(3)

∑∞
n=1 pn(id, id) = +∞.

If the random walk is irreducible, the above are also equivalent to:

(4)
∑∞

n=1 pn(α, β) = +∞ for some α, β ∈ Γ.
(5)

∑∞
n=1 pn(α, β) = +∞ for all α, β ∈ Γ.
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Proof. (2) ⇒ (1) is by definition. If (1) is true, then β(Fn) = β(F1)
n = 1 and so

Pr(Xn = id for infinitely many n ≥ 1) = β(∩n≥1Fn) = 1.

Thus (1) ⇒ (2).
Notice that

∞∑
n=1

1{g1···gn=id}(g) =
# of times the random walk

corresponding to g returns to id
=

∞∑
n=1

1Fn
(g).

So
∞∑

n=1

pn(id, id) =

∞∑
n=1

β({g1 · · · gn = id}) =
∞∑

n=1

∫
1{g1···gn=id}dβ =

∞∑
n=1

∫
1Fn

dβ

=

∞∑
n=1

β(Fn) =

∞∑
n=1

β(F1)
n.

Thus (1) ⇔ (3).
Now suppose that the random walk is irreducible. Clearly (3) ⇒ (4) and (5)

⇒ (3). So it suffices to show (4) ⇒ (5). Suppose
∑∞

n=1 pn(α0, β0) = +∞ and
fix α, β ∈ Γ. By irreducibility, there exist k, ℓ ≥ 1 such that pk(α, α0) > 0 and
pℓ(β0, β) > 0. Then

pn(α, β) ≥ pk(α, α0)pn−k−ℓ(α0, β0)pℓ(β0, β)

for n > k + ℓ and so
∞∑

n=1

pn(α, β) ≥ pk(α, α0)pℓ(β0, β)

∞∑
n=k+ℓ+1

pn(α0, β0) = +∞.

□

We state two major theorems without proof (proofs of both can be found in [Lal23]).

Theorem 25.3 (Theorem 7.2.2 in [Lal23]). If there is an irreducible recurrent
symmetric random walk on Γ, then every symmetric random walk with finite support
is also recurrent.

Definition 25.4. An infinite finitely generated group is recurrent if some irre-
ducible symmetric random walk on the group is recurrent, otherwise the group is
transient.

Theorem 25.5 (Varopoulos’ Recurrence Criterion (Theorem 7.3.1 in [Lal23])).
An infinite finitely generated group is recurrent if and only if it has a finite-index
subgroup isomorphic to either Z or Z2.

We will almost always consider transient irreducible random walks.

26. Amenability and linear drift

In this section we introduce amenable groups and prove positivity of linear drift
for certain random walks on non-amenable groups.

Theorem 26.1. Suppose Γ is a finitely generated group, dS is a word metric on
Γ, and µ is a probability measure which induces an irreducible random walk. If Γ
is non-amenable, then the linear drift

Lµ := lim
n→∞

dS(id, Xn)

n
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is positive (possibly equal to +∞).

In Section 26.1, we will introduce amenable groups and prove some basic prop-
erties. In Section 26.2, we prove several characterizations of amenability. In Sec-
tion 26.3, we introduce the spectral radius of a random walk and prove that if it is
less than one, then the linear drift is positive. Finally, in Section 26.4 we relate the
spectral radius to amenability.

26.1. Amenable groups. Given a countable group Γ, a Følner sequence is a se-
quence {Fn} ⊂ Γ of finite sets such that

|Fn∆gFn|
|Fn|

→ 0

for all g ∈ Γ. A countable group Γ is amenable if it admits a Følner sequence.

Example 26.2. (Z,+) is amenable: If Fn = {0, 1, . . . , n}, then
|Fn∆(m+ Fn)|

|Fn|
=

2 |m|
n

→ 0

for all m ∈ Z. More generally, a solvable group is amenable.

Amenable groups have the following important property.

Proposition 26.3. If Γ is amenable and acts continuously on a compact metrizable
space Y , then there exists a Γ-invariant Borel probability measure on Y .

Proof. Fix a Følner sequence {Fn} and fix y0 ∈ Y . Define a Borel probability
measure

µn :=
1

|Fn|
∑
g∈Fn

δgy0
.

Notice that if h ∈ Γ, then

µn − h∗µn =
1

|Fn|

 ∑
g∈Fn\hFn

δgy0 −
∑

g∈hFn\Fn

δgy0

 .

So if f : Y → R is continuous, then∣∣∣∣∫ fdµn −
∫

fd(h∗µn)

∣∣∣∣ ≤ ∥f∥∞
|Fn∆hFn|

|Fn|
→ 0.

So any weak-∗ limit of {µn} is Γ-invariant. □

Example 26.4. If Γ is a countable group which is either isomorphic to

(1) a Zariski dense subgroup of SL(d,R),
(2) a non-elementary subgroup of the isometry group of a Gromov hyperbolic

space,

then Γ is not amenable.

Proof. We just prove (2). We will use our previous results about stationary mea-
sures, but one could provide a much more direct argument.

Suppose Γ ⊂ Isom(X) is non-elementary where X is Gromov hyperbolic. Sup-
pose for a contradiction that Γ is amenable. Then there exists a Γ-invariant Borel
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probability measure ν on the Gromov boundary ∂GX. Now fix a probability mea-
sure µ on Γ with full support. Then

µ ∗ ν =
∑

µ(g)g∗ν =
∑

µ(g)ν = ν

and so ν is stationary. By Theorem 21.1, for a generic g ∈ ΓN we have

lim
n→∞

(g1 · · · gn)∗ν = δζ(g)

for some ζ(g) ∈ ∂GX. Then by Γ-invariance, ν = δζ(g). However, Theorem 21.1
also says that ν has no atoms. So we have a contradiction. □

Proposition 26.5. If Γ is amenable and H ⊂ Γ is a subgroup, then H is amenable.

Proof. We claim that for any finite set S ⊂ H and any ϵ > 0 there exists a finite
set F ⊂ H such that

max
h∈S

|F∆hF |
|F |

< ϵ.

Since Γ is amenable, there exists a finite set E ⊂ Γ such that

max
h∈S

|E∆hE|
|E|

<
ϵ

|S|
.

Fix a set of coset representations R of H\Γ. For r ∈ R, let Er := E ∩ (Hr). Notice
that ∑

h∈S

∑
r∈R

|Er∆hEr| =
∑
h∈S

|E∆hE| < ϵ |E| = ϵ
∑
r∈R

|Er| .

So there exists some r ∈ R where
∑

h∈S |Er∆hEr| < ϵ |Er|. For such a set, let

F := Err−1 ⊂ H. Then

max
h∈S

|F∆hF |
|F |

= max
h∈S

|Er∆hEr|
|Er|

< ϵ.

Now fix finite sets S1 ⊂ S2 ⊂ · · · such that H = ∪Sn and let {Fn} ⊂ H be finite
sets with

max
h∈Sn

|Fn∆hFn|
|Fn|

<
1

n
.

Then {Fn} is a Følner sequence. □

Corollary 26.6. If Γ contains a free group on two generators, then Γ is not
amenable.

Proof. Suppose H = ⟨a, b⟩ is a free subgroup. Then let X be the Cayley graph
of H associated to the generators {a, b, a−1, b−1}. Then X is Gromov hyperbolic
and the action of H on X is non-elementary. Hence H is non-amenable. So Γ is
non-amenable.

□
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26.2. Equivalent definitions. We now describe several characterizations of amenabil-
ity. For the rest of the section suppose that Γ is a countable group.

We will consider two actions of Γ on the set of functions Γ → R. The right action
is

Rgf(h) = f(hg)

and the left action is

Lgf(h) = f(g−1h).

For p ∈ [1,∞] let Lp(Γ) be the usual Lp-space of functions Γ 7→ R associated
to the counting measure. Notice that both the right and the left actions are by
isometries on every Lp(Γ).

A mean on Γ is a continuous functional ℓ ∈ L∞(Γ)∗ where

(1) ℓ(f) ≥ 0 for all f ≥ 0,
(2) ℓ(1Γ) = 1.

A mean ℓ is Γ-invariant if ℓ(f) = ℓ(Lgf) for all f ∈ L∞(Γ) and g ∈ G.

Remark 26.7. Given a Γ-invariant mean ℓ ∈ L∞(Γ)∗, the function

A 7→ ℓ(1A)

defines a Γ-invariant finitely additive probability measure on Γ. Conversely given
a Γ-invariant finitely additive probability measure µ on Γ, the function

f 7→
∫

fdµ

defines a Γ-invariant mean on Γ.

Theorem 26.8. The following are equivalent:

(1) Γ is amenable.
(2) Γ admits a mean (i.e. it is “a mean-able”).
(3) Γ admits a Γ-invariant finitely additive probability measure.
(4) There exists a sequence {fn} ⊂ L1(Γ) of unit vectors where ∥fn − Lgfn∥1 →

0 for all g ∈ Γ.
(5) There exists a sequence {fn} ⊂ L1(Γ) of unit vectors where ∥fn −Rgfn∥1 →

0 for all g ∈ Γ.
(6) There exists a sequence {fn} ⊂ L2(Γ) of unit vectors where ∥fn − Lgfn∥2 →

0 for all g ∈ Γ.
(7) There exists a sequence {fn} ⊂ L2(Γ) of unit vectors where ∥fn −Rgfn∥2 →

0 for all g ∈ Γ.

Proof. We start with the easy directions. Recall that (2) ⇔ (3) by the discussion
above.

Given f : Γ → R, define Φ(f) : Γ → R by Φ(f)(g) = f(g−1). Then Φ induces an
isometry of every Lp(Γ) and

Φ ◦ Lg = Rg ◦ Φ.

Using Φ one can show that (4) ⇔ (5) and (6) ⇔ (7).
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(4) ⇒ (6). Suppose {fn} ⊂ L1(Γ) are unit vectors and ∥fn − Lgfn∥1 → 0 for all

g ∈ Γ. Let hn := |fn|1/2. Then

∥hn − Lghn∥22 =
∑
γ∈Γ

∣∣∣|fn(γ)|1/2 − ∣∣fn(g−1γ)
∣∣1/2∣∣∣2 ≤

∑
γ∈Γ

∣∣|fn(γ)| − ∣∣fn(g−1γ)
∣∣∣∣

≤ ∥fn − Lgfn∥1 → 0.

(6) ⇒ (4). Suppose {fn} ⊂ L2(Γ) are unit vectors and ∥fn − Lgfn∥2 → 0 for all

g ∈ Γ. Let hn := f2
n. Then

∥hn − Lghn∥1 = ∥(fn + Lgfn)(fn − Lgfn)∥1 ≤ ∥fn + Lgfn∥2 ∥fn − Lgfn∥2
≤ 2 ∥fn − Lgfn∥2 → 0.

(1) ⇒ (3). Let M denote the set of finitely additive probability measures on Γ,
which we view as a compact subset of [0, 1]P(Γ).

We claim that for any finite set S ⊂ Γ and any ϵ > 0 the set

M(S, ϵ) := {µ : |µ(E)− µ(gE)| ≤ ϵ for all E ∈ P(Γ) and g ∈ S}
is non-empty. Since Γ is amenable, there exists a finite set F ⊂ Γ so that

max
g∈S

|F∆gF |
|F |

≤ ϵ.

Define µ ∈ M by

µ(A) =
1

|F |
|A ∩ F | .

Then

||gA ∩ F | − |A ∩ F || =
∣∣∣∣A ∩ g−1F

∣∣− |A ∩ F |
∣∣ ≤ ∣∣F∆g−1F

∣∣ = |(gF )∆F |
and so µ ∈ M(S, ϵ).

Now fix finite sets S1 ⊂ S2 ⊂ · · · such that Γ = ∪Sn. Then by the nested
intersection property

∞⋂
n=1

M(Sn, 1/n)

is non-empty and any element of this set is a Γ-invariant finitely additive probability
measure.

(2) ⇒ (4). We claim that for any finite set S ⊂ Γ and any ϵ > 0 there exists a
unit vector f ∈ L1(Γ) such that

max
g∈S

∥f − Lgf∥1 < ϵ.

Suppose not. Consider the set

{(f − Lgf)g∈S : f ≥ 0 and ∥f∥1 = 1} ⊂ L1(Γ)S

This is convex and bounded away from zero. Since (L1(Γ)S)∗ = L∞(Γ)S , by the
Hahn-Banach Separation Theorem there exist δ > 0 and (ρg)g∈S ∈ L∞(Γ)S such
that ∑

g∈S

⟨ρg, f − Lgf⟩ ≥ δ

when f ≥ 0 and ∥f∥1 = 1. Notice that

⟨ρg, Lgf⟩ =
∑
h∈Γ

ρg(h)f(g
−1h) =

∑
h∈Γ

ρg(gh)f(h) =
〈
Lg−1ρg, f

〉
.
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So

(6)

〈
f,
∑
g∈S

ρg − Lg−1ρg

〉
≥ δ ∥f∥1

whenever f ∈ L1(Γ) and f ≥ 0.
Now let ρ :=

∑
g∈S ρg − Lg−1ρg. Plugging f = δx into Equation (6), we see

that ρ(x) ≥ δ. Hence ρ ≥ δ1Γ. Now fix a Γ-invariant mean ℓ : L∞(Γ) → R. Then
ℓ(ρ) ≥ δℓ(1Γ) = δ, but by Γ-invariance

ℓ(ρ) = ℓ

∑
g∈S

ρg − Lg−1ρg

 = 0.

Contradiction!
Now fix finite sets S1 ⊂ S2 ⊂ · · · such that Γ = ∪Sn. For each n there exists a

unit vector fn ∈ L1(Γ) with

max
g∈Sn

∥fn − Lgfn∥1 <
1

n
.

Then {fn} is our desired sequence.
(4) ⇒ (1). We claim that for any finite set S ⊂ Γ and any ϵ > 0 there exists a

finite set F ⊂ Γ such that

max
g∈S

|F∆gF |
|F |

< ϵ.

By (4), we can fix a unit vector f ∈ L1(Γ) where

max
g∈S

∥f − Lgf∥1 <
ϵ

|S|
.

By approximation, we can suppose that f is finitely supported. By replacing f
with |f |, we can also assume that f ≥ 0. Then we can fix A1 ⊃ · · · ⊃ Ak such that

fn =
∑

cj1Aj
.

and each cj is positive. Notice that

f − Lgfn =
∑

cj(1Aj
− 1gAj

) =
∑

cj(1Aj∖gAj
− 1gAj∖Aj

).

Since the sets (Aj) are nested,

(Aj ∖ gAj) ∩ (gAℓ ∖Aℓ) = ∅

for all 1 ≤ j, ℓ ≤ k. So no cancellation occurs. Hence

∥f − Lgf∥1 =
∑
j

cj |Aj∆gAj | .

Also 1 = ∥f∥1 =
∑

cj |Aj |. So∑
g∈S

∑
j

cj |Aj∆gAj | =
∑
g∈S

∥f − Lgf∥1 ≤ ϵ = ϵ
∑
j

cj |Aj | .

So there exists j where ∑
g∈S

|Aj∆gAj | ≤ ϵ |Aj | .

Then F = Aj satisfies the claim.
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Now fix finite sets S1 ⊂ S2 ⊂ · · · such that Γ = ∪Sn. For each n there exists a
finite set Fn ⊂ Γ with

max
g∈Sn

|Fn∆gFn|
|Fn|

<
1

n
.

Then {Fn} is a Følner sequence.
□

26.3. Spectral radius of a random walk. Suppose Γ is a countable group and
µ is a probability measure on Γ so that the associated random walk is irreducible.
The spectral radius of µ is

ρ(µ) := lim sup
n→∞

µ∗n(id)1/n.

Observation 26.9. If g ∈ Γ, then

ρ(µ) = lim sup
n→∞

µ∗n(g)1/n.

Proof. Fix k, l such that µ∗k(g) > 0 and µ∗l(g−1) > 0. Then

µ∗n(g) ≥ µ∗(n−k)(id)µ∗k(g)

and

µ∗n(id) ≤ µ∗(n−l)(g)µ∗l(g−1).

So

lim sup
n→∞

µ∗n(g)1/n = lim sup
n→∞

µ∗n(id)1/n.

□

We relate the spectral radius to the linear drift.

Theorem 26.10. Suppose dS is a word metric on Γ. If ρ(µ) < 1, then the linear
drift with respect to dS is positive.

Lemma 26.11. For any ρ(µ) < ρ0 there exist C, a > 0 such that

µ∗n(g) ≤ Ca|g|Sρn0 .

Proof. Fix C1 > 0 such that

µ∗n(id) ≤ C1ρ
n
0 .

For each s ∈ S fix n(s) ∈ N such that µ∗n(s)(s) > 0. Then let ϵ := mins∈S µ∗n(s)(s)
and N := maxs∈S n(s).

Fix g ∈ Γ. Then g−1 = s1 · · · sk where s1, . . . , sk ∈ S and k =
∣∣g−1

∣∣
S
= |g|S .

Let k′ = n(s1) + · · ·+ n(sk). Then

µ∗k′
(g−1) ≥ ϵk ≥ ϵk

′
.

So

C1ρ
n+k′

0 ≥ µ∗(n+k′)(id) ≥ µ∗n(g)µ∗k′
(g−1) ≥ µ∗n(g)ϵk

′

Then

µ∗n(g) ≤ C1(ρ0/ϵ)
k′
ρn0 ≤ C1a

|g|Sρn0

where a := (ρ0/ϵ)
N .

□



RANDOM WALKS ON GROUPS 63

Proof of Theorem 26.10. Fix ρ(µ) < ρ0 < 1 and let C, a > 0 be as in the lemma.
Then fix δ > 0 such that

|S|δ aδρ0 < 1.

Notice that

|{g : |g|S ≤ δn}| ≤ |S|δn .
So

Pr(|Xn| ≤ δn) =
∑

|g|S≤δn

µ∗n(g) ≤ |S|δn Caδnρn0

= C
(
|S|δ aδρ0

)n
→ 0.

Thus Lµ ≥ δ. □

26.4. Spectral radius and amenability. Suppose Γ is a countable group and µ
is a probability measure on Γ so that the associated random walk is irreducible.

Theorem 26.12 (Kesten, Day).

(1) If ρ(µ) = 1, then Γ is amenable.
(2) If µ is symmetric and Γ is amenable, then ρ(µ) = 1.

Remark 26.13. This theorem is due to Kesten [Kes59b, Kes59a] in the symmetric
case and to Day [Day64] in the non-symmetric case.

The rest of the section is devoted to the proof of the theorem. Define Pµ :
L2(Γ) → L2(Γ) by

Pµf(x) =
∑
g∈Γ

µ(g)f(xg).

Notice that P k
µ = Pµ∗k .

Recall that we previously defined an isometric action of Γ on L2(Γ) given by

Rgf(x) = f(xg).

Then we can write

Pµ =
∑
g∈Γ

µ(g)Rg.

Lemma 26.14. supg∈Γ µ
∗k(g) ≤

∥∥P k
µ

∥∥ ≤ 1 for all k ≥ 1.

Proof. Notice that

∥∥P k
µf
∥∥
2
=

∥∥∥∥∥∥
∑
g∈Γ

µ∗k(g)Rgf

∥∥∥∥∥∥ ≤
∑
g∈Γ

µ∗k(g) ∥Rgf∥2 = ∥f∥2 .

Hence
∥∥P k

µ

∥∥ ≤ 1. Further,

P k
µ δid(g) =

∑
γ∈Γ

µ∗k(γ)δid(gγ) = µ∗k(g−1)

and so 〈
P k
µ δid, δg−1

〉
= µ∗k(g).

Since δid, δg−1 are unit vectors in L2(Γ), we must have
∥∥P k

µ

∥∥ ≥ µ∗k(g).
□
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Lemma 26.15. ρ(µ)k ≤
∥∥P k

µ

∥∥ for all k. Moreover, if µ is symmetric, then
∥∥P k

µ

∥∥ =

ρ(µ)k for all k.

Proof. Fix k ≥ 1. Then any n can be written as n = ank + bn where bn ∈
{0, 1, . . . , k − 1}. Then ∥∥Pn

µ

∥∥ ≤
∥∥P k

µ

∥∥an ∥Pµ∥bn .

Since an/n → 1/k and
∥∥Pn

µ

∥∥ ≥ µ∗n(id),∥∥P k
µ

∥∥1/k = lim
n→∞

∥∥P k
µ

∥∥an/n ∥Pµ∥bn/n ≥ lim sup
n→∞

∥∥Pn
µ

∥∥1/n
≥ lim sup

n→∞
µ∗n(id)1/n = ρ(µ).

Now suppose µ is symmetric. We first claim that Pµ is a symmetric operator.
Notice that

⟨Rgf, h⟩ =
∑
x

f(xg)h(x) =
∑
y

f(y)h(yg−1) =
〈
f,Rg−1h

〉
.

Hence Rt
g = Rg−1 . Thus

P t
µ =

∑
µ(g)Rt

g =
∑

µ(g)Rg−1 =
∑

µ(g−1)Rg−1 = Pµ.

By properties of symmetric operators,
∥∥P k

µ

∥∥ = ∥Pµ∥k and so it suffices to show
that ∥Pµ∥ ≤ ρ(µ).

To show that ∥Pµ∥ ≤ ρ(µ), it suffices to fix f ∈ L2(Γ) and show that ∥Pµf∥2 ≤
ρ(µ) ∥f∥2. By density, we can assume that f is finitely supported. Further,
∥Pµf∥2 ≤ ∥Pµ |f |∥2 and so we can assume that f ≥ 0.

So suppose f ∈ L2(Γ) is non-zero, has finite support, and f ≥ 0. Notice that〈
P 2n
µ f, f

〉
=
∑
x

∑
y

f(xy)f(x)µ∗2n(y) =
∑

x∈supp(f)

∑
y∈x−1·supp(f)

f(xy)f(x)µ∗2n(y)

≤ |supp(µ)|2 ∥f∥2∞ max
y∈supp(f)−1 supp(f)

µ∗2n(y).

So Observation 26.9 implies that

lim sup
n→∞

∥∥Pn
µ f
∥∥1/n
2

= lim sup
n→∞

〈
P 2n
µ f, f

〉1/(2n) ≤ ρ(µ).

Further, since Pµ is symmetric,∥∥Pn
µ f
∥∥2
2
=
〈
Pn
µ f, P

n
µ f
〉
=
〈
Pn−1
µ f, Pn+1

µ f
〉
≤
∥∥Pn−1

µ f
∥∥
2

∥∥Pn+1
µ f

∥∥
2
.

So ∥∥Pn+1
µ f

∥∥
2∥∥Pn

µ f
∥∥
2

is non-decreasing and hence has a limit L. Hence

ρ(µ) ≥ lim sup
n→∞

(∥∥Pn
µ f
∥∥
2

∥f∥2

)1/n

= lim sup
n→∞

n−1∏
j=0

∥∥P j+1
µ f

∥∥
2∥∥∥P j

µf
∥∥∥
2

1/n

= L.

Then
∥Pµf∥2
∥f∥2

≤ lim
n→∞

∥∥Pn+1
µ f

∥∥
2∥∥Pn

µ f
∥∥
2

= L ≤ ρ(µ). □
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Lemma 26.16. If Γ is amenable and µ is symmetric, then ρ(µ) = 1.

Proof. By Theorem 26.8, there exists a sequence of unit vectors {fn} ⊂ L2(Γ)
such that ∥fn −Rgfn∥2 → 0 for all g ∈ Γ. Further, Pµ =

∑
g µ(g)Rg and so

∥fn − Pµfn∥2 → 0. Since ∥fn∥2 = 1, this implies that ∥Pµf∥2 → 1 and so ∥Pµ∥ = 1.
□

In the proof of the converse direction we will need to turn estimates on ∥Pµf∥2
into estimates on ∥f −Rgf∥2. To do this we will exploit the strict convexity of the

unit ball in L2(Γ).

Lemma 26.17. For any δ > 0 there exists ϵ > 0 such that: If f1, f2 ∈ L2(Γ),
∥f1∥2 = ∥f2∥2 = 1, and ∥f1 − f2∥2 ≥ δ, then ∥f1 + f2∥ ≤ 2− ϵ.

Proof. Note

δ2 ≤ ∥f1 − f2∥22 = 2− 2 ⟨f1, f2⟩ .

Hence ⟨f1, f2⟩ ≤ 1− δ2

2 . Then

∥f1 + f2∥22 = 2 + 2 ⟨f1, f2⟩ ≤ 4− δ2.

So ϵ := 2−
√
4− δ2 suffices.

□

Lemma 26.18. If
∥∥P k

µ

∥∥ = 1 for all k ≥ 1 (e.g. ρ(µ) = 1), then there exists a

sequence of unit vectors {fn} ⊂ L2(Γ) such that ∥fn −Rgfn∥2 → 0 for all g ∈ Γ.
Hence Γ is amenable.

Proof. Fix k ≥ 1 such that µ∗k(id) > 0. By assumption
∥∥P k

µ

∥∥ = 1 and hence there

exists a sequence of unit vectors {hn} ⊂ L2(Γ) such that
∥∥P k

µhn

∥∥
2
→ 1. Notice

that ∣∣P k
µh
∣∣ ≤ P k

µ |h|
and so by replacing each hn with |hn|, we can assume that hn ≥ 0 for all n ≥ 1.

We claim that ∥Rg1hn −Rg2hn∥2 → 0 for all g1, g2 ∈ supp(µ∗k). Suppose not.

Then after passing to a subsequence, there exists g1, g2 ∈ supp(µ∗k) and δ > 0 such
that

∥Rg1hn −Rg2hn∥2 ≥ δ

for all n ≥ 1. We can assume that µ∗k(g1) ≤ µ∗k(g2). Let ϵ = ϵ(δ) > 0 satisfy
Lemma 26.17. Then∥∥P k

µhn

∥∥
2
=

∥∥∥∥∥∥
∑
g∈G

µ∗k(g)Rghn

∥∥∥∥∥∥
2

≤
∥∥µ∗k(g1)Rg1hn + µ∗k(g1)Rg0hn

∥∥
2
+
∥∥(µ∗k(g2)− µ∗k(g1))Rg2hn

∥∥
2

+
∑

g∈Γ−{g1,g2}

∥∥µ∗k(g)Rghn

∥∥
2

≤ µ∗k(g1) ∥Rg1hn +Rg0hn∥2 + µ∗k(g2)− µ∗k(g1) + 1− µ∗k(g2)− µ∗k(g1)

≤ µ∗k(g1)(2− ϵ) + 1− 2µ∗k(g1) = 1− ϵµ∗k(g1).

Since
∥∥P k

µhn

∥∥
2
→ 1 we have a contradiction. Hence ∥Rg1hn −Rg2hn∥2 → 0 for all

g1, g2 ∈ supp(µ∗k).
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Since id ∈ supp(µ∗k), we have∥∥P k
µhn − hn

∥∥
2
≤
∑
g∈Γ

µ∗k(g) ∥hn −Rghn∥2 → 0.

by the dominated convergence theorem (note that g 7→ 2µ∗k(g) is in L1(Γ)).
Let

fn :=
hn + Pµhn + · · ·+ P k−1

µ hn∥∥hn + Pµhn + · · ·+ P k−1
µ hn

∥∥
2

(since hn ≥ 0, the denominator is positive and so this is well-defined). Then
∥fn − Pµfn∥2 → 0. Since ∥fn∥2 = 1, we must have ∥Pµfn∥2 → 1. Then repeating
the above argument, we have ∥Rg1fn −Rg2fn∥2 → 0 for all g1, g2 ∈ supp(µ). Thus
if g ∈ supp(µ), we have

0 = lim
n→∞

∥fn − Pµfn∥2 = lim
n→∞

∥fn −Rgfn∥2 .

Since supp(µ) generates Γ, this completes the proof.
□

As a corollary to the proof we have the following.

Corollary 26.19. If Γ is non-amenable, then there exist C > 1 and 0 < λ < 1
such that

µ∗n(g) ≤ Cλn

for all g ∈ Γ.

Proof. By Lemma 26.18,
∥∥P k

µ

∥∥ < 1 for some k ≥ 1. Then by Lemma 26.14,

µ∗n(g) ≤
∥∥Pn

µ

∥∥ ≤
∥∥P k

µ

∥∥⌊n/k⌋ ∥Pµ∥n−k⌊n/k⌋ ≤
∥∥P k

µ

∥∥n/k−1
= Cλn

where C :=
∥∥P k

µ

∥∥−1
and λ :=

∥∥P k
µ

∥∥1/k. □

27. Harmonic and superharmonic functions

Suppose Γ is a finitely generated group and µ is a probability measure on Γ so
that the associated random walk is irreducible.

Given a function f : Γ → R, define Pµf : Γ → R by

Pµf(x) =
∑
g∈Γ

µ(g)f(xg)

(assuming the sum exists for all x). Such a function is µ-harmonic if Pµf = f and
µ-superharmonic if Pµf ≤ f . When the context is clear, we just write harmonic
and superharmonic.

Our main goal for the rest of the class is to understand the set of bounded
harmonic functions, which we denote by H∞(Γ, µ).

27.1. Compactness of superharmonic functions. We will frequently use the
following estimate.

Proposition 27.1 (Harnack’s inequality). Suppose dS is a word metric on Γ.
There exists λ > 1 such that: if f : Γ → [0,∞) is superharmonic and g1, g2 ∈ Γ,
then

λ− dS(g1,g2)f(g2) ≤ f(g1) ≤ λdS(g1,g2)f(g2).

In particular, f is either identically zero or positive everywhere.
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Proof. For every s ∈ S fix n(s) ∈ N such that µ∗n(s)(s) > 0. Let ϵ := mins∈S µ∗n(s)(s)
and let λ := ϵ−1.

If f : Γ → [0,∞) superharmonic, g ∈ Γ, and s ∈ S, then

f(g) ≥ Pn(s)
µ f(g) =

∑
x∈Γ

µ∗n(s)(x)f(gx) ≥ ϵf(gs)

and
f(gs) ≥ Pn(s−1)

µ f(gs) =
∑
x∈Γ

µ∗n(s−1)(x)f(gsx) ≥ ϵf(g).

Now induct on dS(g1, g2). □

Let
S+ := {f : f is µ-superharmonic, f > 0, and f(id) = 1}.

Proposition 27.2. With the topology of pointwise convergence, S+ is compact.

Proof. By Harnack’s inequality, if S is a finite symmetric generating set, then
f(g) ≤ λ|g|S for all f ∈ S+. So we can view S+ as a subset of the compact
space

∏
g∈Γ[0, λ

|g|S ]. Thus it suffices to show that S+ is closed. Suppose fn → f

pointwise and {fn} ⊂ S+. Then f ≥ 0 and f(id) = 1. Further, by Fatou’s

Pµf(x) ≤ lim inf
n→∞

Pµfn(x) ≤ lim inf
n→∞

fn(x) = f(x).

Hence f is superharmonic and so by Harnack’s inequality f is positive everywhere.
□

27.2. The recurrent case. In this section we show that for recurrent random
walks, every bounded harmonic function is constant.

As always let Ω = ΓN and β = µ⊗N.

Proposition 27.3. If f : Γ → R is a bounded harmonic function, then

lim
n→∞

f(g1 · · · gn)

exists for β-almost every g ∈ Ω.

Proof. Let Fn be the sigma-algebra generated by cylinders of the form

A1 × · · · ×An × ΓN.

Then {Fn} is a filtration. Define fn : Ω → R by fn(g) = f(g1 · · · gn). Since
f is bounded, supn≥1 ∥fn∥L1 < +∞. We claim that {fn} is a martingale. If

A = A1 × · · · ×An × ΓN ∈ Fn, then∫
A

fn+mdβ =
∑

(g1,...,gn+m)∈A1×···×An×Γm

f(g1 · · · gn+m)µ(g1) · · ·µ(gn+m)

=
∑

(g1,...,gn)∈A1×···×An

Pm
µ f(g1 · · · gn)µ(g1) · · ·µ(gn)

=
∑

(g1,...,gn)∈A1×···×An

f(g1 · · · gn)µ(g1) · · ·µ(gn) =
∫
A

fndβ.

Then by Doob’s martingale convergence theorem (Theorem 9.4), limn→∞ f(g1 · · · gn)
exists for almost every g ∈ Ω. □

Recall that Xn denotes the nth-step of the random walk starting at the identity.
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Lemma 27.4. If the random walk associated to µ is recurrent and g ∈ Γ, then

Pr(Xn = g infinitely often) = 1.

Proof. Let Z ⊂ Ω be the set of random walks that never visit g. We claim that Z
has zero measure. Let Em be the random walks that return to the id for the first
time at time m. Since the random walk is recurrent,

1 =
∑
m

β(Em).

Further, if πm : Ω → Γm is the projection onto the first m-coordinates, then
Em = πm(Em)× ΓN and hence

β(Em) = µ⊗(πm(Em)).

Since there is some path with positive probability that visits g before returning
to id, we have ∑

m

µ⊗m(πm(Em ∩ Z)) < 1.

Also, since almost every path returns to id, the subset

⊔mπm(Em ∩ Z)× Z ⊂ Z

has full measure in Z. So

β(Z) = β(Z)
∑
m

µ⊗m(πm(Em ∩ Z)),

which is only possible if β(Z) = 0.
Now let Ω′ ⊂ Ω be the set of random walks that return to the id infinitely often.

Then

Pr(Xn = g infinitely often) = Pr(Xn = g for some n ≥ 1)Pr(Ω′)

= Pr(Xn = g for some n ≥ 1) = 1. □

Proposition 27.5. If the random walk associated to µ is recurrent, then every
bounded harmonic function is constant.

Proof. Suppose f : Γ → R is bounded and harmonic. Fix x, y ∈ Γ. By the previous
two lemmas,

Pr
(
Xn = x infinitely often, Xn = y infinitely often, and lim

n→∞
f(Xn) exists

)
= 1.

So
f(x) = lim

n→∞
f(Xn) = f(y) a.s.

Thus f is constant. □

28. Green’s function and metric

Suppose Γ is a finitely generated group and µ is a probability measure on Γ so
that the associated random walk is irreducible and transient. The Green function
G : Γ× Γ → R is defined by

G(x, y) =

∞∑
n=0

µ∗n(x−1y) =

∞∑
n=0

pn(x, y),

where µ∗0 = δid. Since the random walk is transient, G is finite everywhere (see
Proposition 25.2).
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Observation 28.1. Let Gy := G(·, y) : Γ → R. Then

(PµGy −Gy)(x) =

{
0 if x ̸= y

−1 if x = y
.

Hence x 7→ G(x, y) is superharmonic.

Proof. Note

PµGy(x) =
∑
g∈Γ

µ(g)G(xg, y) =

∞∑
n=0

∑
g∈Γ

µ(g)µ∗n(g−1x−1y) =

∞∑
n=0

µ∗(n+1)(x−1y)

= G(x, y)− µ∗0(x−1y). □

Let
p(x, y) := Pr(a random walk starting at x visits y).

Observation 28.2.

p(x, y) :=
G(x, y)

G(id, id)
.

Proof. Since p(x, y) = p(id, x−1y) andG(x, y) = G(id, x−1y), we can assume x = id.
Further, p(id, id) = 1 and so we can assume y ̸= id.

As usual let Xn denote the nth-step of the random walk starting at the identity.
Then define subsets

An := {g : Xj(g) = y at least n times},
Bm := {g : Xm(g) = y and Xj(g) ̸= y when n < m},
Cn := {g : Xj(g) = id at least (n+ 1) times (including j = 0)}

Then
An =

⊔
πm(Bm)× Cn−1

and so
β(An) = β(Cn−1)

∑
m

µ⊗m(πmBm).

Further,

p(id, y) =
∑
m

β(Bm) =
∑
m

µ⊗m(πmBm).

Finally, arguing as in Proposition 25.2,
∞∑

n=1

β(An) =

∞∑
n=1

pn(id, y) = G(id, y)− p0(id, y) = G(id, y)

and
∞∑

n=0

β(Cn) =

∞∑
n=0

pn(id, id) = G(id, id).

□

The Green “metric” is defined by

dG(x, y) = − log p(x, y) = − log
G(x, y)

G(id, id)
.

Since
p(x, y) ≥ p(x, z)p(z, y),
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we have
dG(x, y) ≤ dG(x, z) + dG(z, y)

for all x, y, z ∈ Γ.

Example 28.3. Suppose Γ = (Z,+) with µ = 1
3δ−1 +

2
3δ1. Then

lim
n→∞

Xn

n
=

1

3
a.s.

So for any n ≥ 1,
p(0, n) = 1.

Hence dG(0, n) = 0 for all n ≥ 1.

Lemma 28.4.

(1) If dG(x, y) = 0 and dG(y, x) = 0, then x = y. Hence, if the random walk is
symmetric, then dG is a metric on Γ.

(2) If Γ is not isomorphic to Z and dG(x, y) = 0, then x = y.

Proof. (1). Suppose x ̸= y and dG(x, y) = dG(y, x) = 0. Then

Pr(returns to id) ≥ p(id, x−1y)p(x−1y, id)

= p(x, y)p(y, x) = 1,

which contradicts the fact that the random walk is transient. So (1) is true.
(2). We prove the contrapositive: If

Z := {g : dG(id, g) = 0, g ̸= id} = {g : p(id, g) = 1, g ̸= id}
is non-empty, then Γ is isomorphic to Z.

We first show that every element of Z has infinite order. Suppose not. Fix g ∈ Z
with gn = id. Then

Pr(Xn returns to id) ≥ p(id, g)p(g, g2) · · · p(gn−1, id) = p(id, g)n = 1

which contradicts the fact that the random walk is transient. Thus the claim is
true.

Fix a ∈ Z with |a|supp(µ) minimal. Then

t := Pr(Xn visits a before any other element of Z) > 0.

So if b ∈ Z ∖ {a}, then
1 = p(id, b) ≤ tp(a, b) + (1− t).

So p(a, b) = 1 and hence a−1b ∈ Z.
Next we claim that Z ⊂ aN. Suppose not. Then fix b ∈ Z with b ̸= an for all n.

Then a−nb ∈ Z for all n ≥ 1. On the other hand, since a has infinite order, when
n is sufficiently large we have

Pr(Xn visits b before an) > 0.

Then arguing as above, we must have p(b, an) = 1. Then

Pr(Xn returns to id) ≥ p(id, a−nb)p(a−nb, id) = 1 · p(b, an) = 1,

which contradicts the fact that the random walk is transient. Hence Z ⊂ aN.
Finally we claim that Γ = aZ. Since supp(µ) generates Γ it suffices to fix s ∈

supp(µ) and show that s ∈ aZ. Since s ∈ supp(µ),

Pr(visits s before a) > 0
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and hence p(s, a) = 1. Thus s−1a ∈ Z. So s−1a ∈ aN, which implies that s ∈ aZ. □

Proposition 28.5. Suppose dS is a word metric on Γ. If µ has finite support and
Γ is non-amenable, then there exist A > 1, B > 0 such that

A−1 dS(x, y)−B ≤ dG(x, y) ≤ A dS(x, y) +B

for all x, y ∈ Γ.

Proof. Since x 7→ G(x, id) is superharmonic, by Harnack’s inequality there exists
λ1 > 1 such that:

λ
−|x|S
1 G(id, id) ≤ G(x, id)

for all x ∈ Γ. So

dG(x, y) = − log
G(y−1x, id)

G(id, id)
≤ (log λ1)

∣∣x−1y
∣∣
S
− logG(id, id)

= (log λ1) dS(x, y)− logG(id, id).

By Corollary 26.19, there exist C1 > 1 and 0 < λ2 < 1 such that

µ∗n(x) ≤ C1λ
n
2

for all n ≥ 0 and x ∈ Γ. Further, if F := supp(µ), then

µ∗n(x) = 0

when n < |x|F . So

G(id, x) =

∞∑
n=0

µ∗n(x) ≤ C1

∞∑
n=|x|F

λn
2 =

C1λ
|x|F
2

1− λ2
.

Let C2 := maxg∈F |g|S . Then |x|S ≤ C2 |x|F and so

dG(x, y) = − log
G(id, x−1y)

G(id, id)
≥ (− log λ2)

∣∣x−1y
∣∣
F
−B

≥ − log λ2

C2
dS(x, y)−B

where B := log C1

(1−λ2)G(id,id) . □

Part 5. The Martin Boundary

29. The Martin Boundary

Suppose Γ is a finitely generated group and µ is a probability measure on Γ so
that the associated random walk is irreducible and transient. Recall that the set

S+ := {f : f is µ-superharmonic, f > 0, and f(id) = 1}

is compact with the topology of pointwise convergence.

Define K(x, y) = G(x,y)
G(id,y) . Observation 28.1 implies that

K(·, y) ∈ S+

and hence the set {K(·, y) : y ∈ Γ} is relatively compact with respect to pointwise
convergence. The Martin boundary, denoted ∂MΓ, is the set of all functions f :
Γ → R where f = limn→∞ K(·, yn) for some escaping sequence {yn} in Γ.
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Observation 29.1. The set Γ
M

:= Γ ⊔ ∂MΓ admits a topology which makes it a

compactification of Γ, i.e. the inclusion Γ ↪→ Γ
M

is a topological embedding with

dense image and Γ
M

is a compact metrizable space. Further:

(1) A sequence {xn} ⊂ Γ converges to f ∈ ∂MΓ if and only if {xn} is escaping
and K(·, xn) → f pointwise.

(2) {fn} ⊂ ∂MΓ converges to f ∈ ∂MΓ if and only if fn → f pointwise.

(3) The left action of Γ on Γ extends continuously to an action on Γ
M

where
Γ acts on ∂MΓ by

g · f =
f ◦ g−1

f(g−1)
.

(4) For any x ∈ Γ, the function K(x, ·) : Γ → R>0 extends continuously to

K(x, ·) : ΓM → R>0 where

K(x, f) = f(x)

when f ∈ ∂MΓ.

Proof. Enumerate Γ = {gn}. By Harnack’s inequality, there exists Cn > 0 such
that

f(gn) ≤ Cn

for all f ∈ S+. Then define a distance ρ0 on S+ by

ρ0(f1, f2) =

∞∑
n=1

1

2nCn
|f1(gn)− f2(gn)| .

Then define a distance ρ on Γ
M

by

ρ(gn, gm) = max{2−n, 2−m}δm(n) + ρ0(K(·, gn),K(·, gm))

ρ(gn, f) = ρ(f, gn) = 2−n + ρ0(K(·, gn), f)
ρ(f1, f2) = ρ0(f1, f2).

Check that this has all the desired properties.
□

We will prove that any non-negative harmonic function can be realized as a
convex combination of elements in the Martin boundary.

Theorem 29.2. If h : Γ → [0,∞) is µ-harmonic, then there exists a measure νh
on ∂MΓ such that

(7) h =

∫
∂MΓ

fdνh(f).

To obtain a unique measure, we need to consider a subset of the Martin boundary.
First a non-negative µ-harmonic function h is minimal if whenever 0 ≤ u ≤ h and
u is µ-harmonic, then u = Ch for some C ∈ [0, 1]. Then the minimal Martin
boundary is

∂min
M Γ := {h ∈ ∂MΓ : h is minimal µ-harmonic}.

We will show that for every µ-harmonic function h, there exists a unique measure νh
on ∂min

M Γ realizing Equation (7). Of particular importance is the measure ν := ν1
corresponding to the constant 1 function. This measure has the following properties.

Theorem 29.3.
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(1) ν is a stationary measure supported on ∂min
M Γ.

(2) For β-almost every g,

lim
n→∞

g1 · · · gn
exists in ∂MΓ and if A ⊂ ∂MΓ is measurable, then

ν(A) = Pr
(
lim
n→∞

g1 · · · gn ∈ A
)
.

(3) Given ϕ ∈ L∞(∂MΓ, ν), let

Hϕ =

∫
fϕ(f)dν(f).

The map ϕ 7→ Hϕ is an isomorphism L∞(∂MΓ, ν) → H∞(Γ, µ).

30. Existence of a reproducing formula

Suppose Γ is a finitely generated group and µ is a probability measure on Γ so
that the associated random walk is irreducible and transient.

In this section we prove Theorem 29.2.

Theorem 30.1. If h : Γ → [0,∞) is µ-harmonic, then there exists a measure νh
on ∂MΓ such that

h =

∫
∂MΓ

fdνh(f).

Moreover for any such measure Pµf = f for νh-almost every f .

30.1. Potentials and the Riesz Representation Theorem. A function u :
Γ → [0,∞) is a potential if

u =
∑
y∈Γ

G(·, y)k(y)

where k : Γ → [0,∞). Since each G(·, y) is superharmonic, any potential is super-
harmonic.

Theorem 30.2 (Riesz Representation Theorem). If u : Γ → [0,∞) is superhar-
monic, then

u =
∑
y∈Γ

G(·, y)k(y) + h

where k, h ≥ 0 and h is harmonic. This decomposition is unique, k = u−Pµu, and
h = limn→∞ Pn

µ u.

Proof. Since Pµu ≤ u, we have Pn+1
µ u ≤ Pn

µ u for all n. Thus h := limn→∞ Pn
µ u

exists. Further, by the monotone convergence theorem,

Pµh = lim
n→∞

Pn+1
µ u = h.

So h is harmonic. Then

u = Pm
µ u+

m−1∑
n=0

Pn
µ u− Pn+1

µ u = Pn
µ u(x) +

m−1∑
n=0

Pn
µ (u− Pµu)

= Pm
µ u+

∑
y∈Γ

m−1∑
n=0

pn(·, y)(u− Pµu)(y).
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Then sending m → +∞, we obtain

u = h+
∑
y∈Γ

G(·, y)k(y)

where k = u− Pµu and h = limn→∞ Pn
µ u.

For uniqueness, suppose

u =
∑
y∈Γ

G(·, y)k0(y) + h0

where k0 ≥ 0 and h0 is a non-negative harmonic function. Since PµG(·, y) =
G(·, y)− δy, then

u(x)− k(x) = Pµu(x) = u(x)− k0(x).

Hence k = k0, which implies that h = h0. □

Corollary 30.3. If u, v : Γ → [0,∞) are superharmonic, v is a potential, and
u ≤ v, then u is also a potential.

Proof. Notice that

0 ≤ lim
n→∞

Pn
µ u ≤ lim

n→∞
Pn
µ v = 0.

□

30.2. Proof of Theorem 30.1. Suppose h : Γ → [0,∞) is harmonic. Fix finite
sets S1 ⊂ S2 ⊂ · · ·Γ such that Γ = ∪Sn. Define

hn(x) := min

h(x), n
∑
y∈Sn

G(x, y)


Then, since G > 0, we have hn → h pointwise. Further, n

∑
y∈Sn

G(x, y) =∑
y∈Γ G(x, y)n1Sn

(y) and hence is a potential. So by Corollary 30.3, each hn is
a potential. So

hn =
∑
y∈Γ

G(x,̇y)kn(y)

for some kn ≥ 0. Then

hn(x) =
∑
y∈Γ

K(x, y)G(id, y)kn(y) =

∫
Γ
M
K(x, y)dνn(y)

where νn :=
∑

y∈Γ G(id, y)kn(y)δy. Notice that

νn(Γ
M
) =

∑
y∈Γ

G(id, y)kn(y) = hn(id) ≤ h(id).

Let νh be a weak-∗ limit of {νn}. Since hn → h pointwise and K(x, ·) : ΓM → R is
continuous, we have

h(x) =

∫
Γ
M
K(x, y)dνh(y) =

∑
y∈Γ

G(x, y)

G(id, y)
νh({y}) +

∫
∂MΓ

f(x)dνh(f).

Since h is harmonic and G(·, y)− PµG(·, y) = δy,

0 = h(x)− Pµh(x) =
νh({x})
G(id, x)

+

∫
∂MΓ

f(x)− Pµf(x)dνh(f) ≥
νh({x})
G(id, x)

.
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Thus νh has support in ∂MΓ and so

h =

∫
∂MΓ

fdνh(f).

Now suppose that

h =

∫
∂MΓ

fdλ

for some measure λ. Fixing x ∈ Γ,

0 = (h− Pµh)(x) =

∫
∂MΓ

(f − Pµf)(x)dλ ≤ 0

and hence (f − Pµf)(x) = 0 for λ-almost every f . Thus f − Pµf ≡ 0 for λ-almost
every f .

31. Almost sure convergence of random walks

Suppose Γ is a finitely generated group and µ is a probability measure on Γ so
that the associated random walk is irreducible and transient.

Let W = ΓN and for x ∈ Γ consider the probability measures Px on W which
satisfies

Px((wn) : w1 = y1, . . . , wm = ym) = δx(y1)µ(y
−1
1 y2)µ(y

−1
2 y3) · · ·µ(y−1

m−1ym).

So

Px((wn) : wm = y)

represents the probability that a random walk starting at x with step distribution
µ is at y at after m steps. Also note that

Pid = ω∗µ
N

where ω : Ω → W is the map

ω(g) = (id, g1, g1g2, g1g2g3, . . . ).

Remark 31.1. Notice that Ω and W coincide as sets, but we use different letters
since Ω represents the steps of a random walk and W represents the locations of a
random walk.

It will be helpful to consider more general random walks. Given a positive µ-
harmonic function h : Γ → (0,∞), we define a family of probability measures

{Ph
x}x∈Γ on W by

Ph
x(w = (wn) : w1 = y1, . . . , wm = ym) =

h(ym)

h(x)
δx(y1)µ(y

−1
1 y2)µ(y

−1
2 y3) · · ·µ(y−1

m−1ym).

This records the statistics for the random walk starting at x where the step distri-
bution at location z is given by

h(y)

h(z)
µ(z−1y).

Notice that, since h is µ-harmonic, we have∑
y∈Γ

h(y)

h(x)
µ(x−1y) = 1

for all x ∈ Γ. Hence each Ph
x is indeed a probability measure.
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Theorem 31.2. Suppose h is a positive µ-harmonic function. For Ph
x-a.e. (wn) ∈

W the limit

lim
n→∞

wn

exists in Γ
M

and is in ∂min
M Γ. Moreover, if νh is a measure on ∂min

M Γ such that

h =

∫
∂min
M Γ

fdνh(f),

then

Ph
x

(
lim
n→∞

wn ∈ A
)
=

1

h(x)

∫
A

f(x)dνh(f)

for all measurable subsets A ⊂ ∂min
M Γ.

The rest of the section is devoted to the proof of the theorem, which is adapted
from [Saw97].

We first observe the following convexity result.

Proposition 31.3. Suppose h is a positive µ-harmonic function and νh is a mea-
sure on ∂MΓ such that

h =

∫
∂MΓ

fdνh(f).

Then for any measurable subset B ⊂ W, we have

Ph
x(B)h(x) =

∫
∂MΓ

Pf
x(B)f(x)dνh(f).

Remark 31.4. By Theorem 30.1, νh-a.e. f is µ-harmonic and so Pf
x is well-defined

ν1-a.e.

Proof. Notice that the right side defines a Borel measure on W supported on {x}×
ΓN. Hence it suffices to consider sets of the form B = {(x, y1, . . . , yn)} × ΓN. In
this case,

Ph
x(B)h(x) = µ(x−1y1)µ(y

−1
1 y2) · · ·µ(y−1

n−1yn)h(yn)

and∫
∂MΓ

Pf
x(B)f(x)dν1(f) =

∫
∂MΓ

f(yn)µ(x
−1y1)µ(y

−1
1 y2) · · ·µ(y−1

n−1yn)dν1(f)

= µ(x−1y1)µ(y
−1
1 y2) · · ·µ(y−1

n−1yn)h(yn)

since
∫
fdνh(f) = h.

□

The key lemma is the following.

Lemma 31.5. If h ∈ ∂min
M Γ, then

lim
n→∞

wn = h

for Ph
x-a.e. (wn) ∈ W.

Assuming the lemma for a moment, we prove Theorem 31.2.
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Proof of Theorem 31.2. Let

B = {(wn) ∈ W : lim
n→∞

wn exists and is in ∂min
M Γ}.

Then by the Lemma and the Proposition,

Ph
x(B)h(x) =

∫
∂MΓ

Pf
x(B)f(x)dνh(f) =

∫
∂MΓ

1 · f(x)dνh(f) = h(x).

This proves the first assertion. For the “moreover” part, fix a measurable subset
A ⊂ ∂min

M Γ. Then

Ph
x

(
lim
n→∞

wn ∈ A
)
=

1

h(x)

∫
∂MΓ

Pf
x

(
lim
n→∞

wn ∈ A
)
f(x)dνh(f) =

1

h(x)

∫
∂MΓ

1A(f) · f(x)dνh(f)

=
1

h(x)

∫
A

fdνh(f).

□

31.1. Proof of Lemma 31.5. Fix h ∈ ∂min
M Γ. It suffices to fix r > 0 and a metric

ρ on Γ
M

generating the topology, then show that

v(x) = Ph
x ((wn) : ρ(wn, h) > r for infinitely many n)

is identically zero.

Lemma 31.6. v ≡ 0 or v ≡ 1.

Proof. The proof is somewhat complicated: we first show that v · h is µ-harmonic,
then use the minimality of h to show that v is constant, then show that v is either
0 or 1.

Let E := {(wn) : ρ(wn, h) > r for infinitely many n}. Then E = ⊔x∈Γ{x} × E
and so

v(x) = Ph
x(E) =

∑
y∈Γ

h(y)

h(x)
µ(x−1y)Ph

y(E) =
∑
y∈Γ

h(y)

h(x)
µ(x−1y)v(y).

Thus v · h is µ-harmonic.
By definition 0 ≤ v ≤ 1. So 0 ≤ v · h ≤ h. Since h is a minimal harmonic

function, we then have that v is constant. Let v ≡ c.
Fix ϵ > 0 and x ∈ Γ. By the definition of the product sigma algebra, there exists

a finite disjoint union F = ⊔Ci where Ph
x(F∆E) < ϵ and each Ci has the form

Ci = {(yi,1, . . . , yi,ni
)} × ΓN.

Then Ci ∩ E = {(yi,1, . . . , yi,ni
)} × E and so

Ph
x(F ∩ E) =

∑
i

Ph
x(Ci ∩ E) =

∑
i

h(yni
)

h(x)
δx(y1)µ(y

−1
1 y2) · · ·µ(y−1

ni−1yni)P
h
yni

(E)

=
∑
i

Ph
x(Ci)c = Ph

x(F )c.

Notice that

Ph
x(F ∩E) ≥ Ph

x(E)−Ph
x(F∆E) > c−ϵ and Ph

x(F ) ≤ Ph
x(E)+Ph

x(F∆E) < c+ϵ.

So
c− ϵ < (c+ ϵ)c.

Since ϵ > 0 was arbitrary, we then have c ≤ c2, which implies that c ∈ {0, 1}. □
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Now it suffices to assume that v ≡ 1 and obtain a contradiction.

Lemma 31.7. If F ⊂ Γ is finite and τF (w) = inf{n : wn ∈ F}, then there exists
a function k : F → [0,∞) such that

h(x)Ph
x(τF < +∞) =

∑
y∈F

G(x, y)k(y)

Proof. Let u(x) = h(x)Ph
x(τF < +∞). Then

u(x)− Pµu(x) = h(x)Ph
x(τF < +∞)−

∑
y∈Γ

µ(x−1y)f(y)Ph
y(τF < +∞)

= h(x)
(
Pf
x(wn ∈ F for some n ≥ 1)− Ph

x(wn ∈ F for some n ≥ 2)
)

= h(x)1F (x)Pf
x(wn /∈ F for all n ≥ 2) ≥ 0.

Hence u is µ-superharmonic and u− Pµu has support in F . Using the Riesz Rep-
resentation Theorem (Theorem 30.2) it suffices to show that Pn

µ u → 0 pointwise.
Notice that

Pn
µ u(x) =

∑
y1,...,yn∈Γ

µ(x−1y1) · · ·µ(y−1
n−1yn)h(yn)P

h
yn
(τF < +∞)

= h(x)Ph
x(wk ∈ F for some k ≥ n+ 1).

One can show that

h(x)Ph
x(wk ∈ F for some k ≥ n+ 1) ≤

(
max
y∈F

h(y)

)
Px(wk ∈ F for some k ≥ n+ 1).

Hence by the transitivity of the original random walk, we have Pn
µ u → 0 pointwise.

□

Lemma 31.8. There exists a measure ν0 supported on {f ∈ ∂MΓ : ρ(f, h) ≥ r}
such that

h =

∫
∂MΓ

fdν0(f).

Proof. Fix finite sets F1 ⊂ F2 ⊂ · · · such that⋃
Fn = {y ∈ Γ : ρ(y, h) > r} =: F.

By the previous lemma, for each n, there exists a function kn : Fn → [0,∞) such
that

h(x)Ph
x(τFn

< +∞) =
∑
y∈Fn

G(x, y)kn(y).

Consider the measure νn :=
∑

y∈Fn
G(id, y)kn(y)δy on Γ

M
. Notice that

νn(Γ
M
) =

∑
y∈Fn

G(id, y)kn(y) =
∑
y∈Fn

G(id, y)kn(y) = h(id)Ph
id(τFn

< +∞) ≤ 1.

So we can pass to a subsequence and suppose that νn → ν0 in the weak-∗ topology.
Since the original random walk is transitive, ν0 is supported on ∂MΓ. Then, by
construction, ν0 is supported on {f ∈ ∂MΓ : ρ(f, h) ≥ r}.

Notice that τFn
↘ τF . Further, since v ≡ 1, Ph

x(τF < +∞) = 1. So

1 = Ph
x(τF < +∞) = lim

n→∞
Ph
x(τFn

< +∞).
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Then by the continuity of K(x, ·) : ΓM → [0,∞), we have

h(x) = lim
n→∞

h(x)Ph
x(τFn

< +∞) =

∫
Γ
M
K(x, ·)dνn =

∫
∂MΓ

f(x)dν0(f). □

Notice that

1 = h(id) =

∫
∂MΓ

f(id)dν0(f) = ν0(∂MΓ).

So ν0 is a probability measure. Then, since f ∈ ∂min
M Γ, we must have ν0 = δf .

However, this is impossible since ν0 is supported on {f ∈ ∂MΓ : ρ(f, h) ≥ r}. So
we have a contradiction.

32. Uniqueness of the reproducing formula

Suppose Γ is a finitely generated group and µ is a probability measure on Γ so
that the associated random walk is irreducible and transient.

Our goal this section is to prove the following theorem.

Theorem 32.1. If h : Γ → [0,∞) is µ-harmonic, then there exists a unique
measure νh supported on ∂min

M Γ such that

(8) h =

∫
∂MΓ

fdνh(f).

Recall that the set

S+ := {f : f is µ-superharmonic, f > 0, and f(id) = 1}

is compact with the topology of pointwise convergence. In fact S+ is a compact
convex set in a reasonable vector space (the vector space of sequence RΓ with the
product topology). So if E is the set of extreme points of S+, then by Choquet’s
theorem for any u ∈ S+ there exists a probability measure νu with νu(E) = 1 such
that

u =

∫
fdνu(f).

We start by relating E and ∂min
M Γ.

Lemma 32.2. Suppose h : Γ → [0,∞) is a µ-harmonic function with h(id) = 1.
Then h ∈ E if and only if h ∈ ∂min

M Γ.

Proof. Assume h ∈ E . Suppose 0 ≤ u ≤ h where u is harmonic. If u ≡ 0 or u ≡ h,
then u = Ch for some C ∈ [0, 1]. So we can assume that u and h − u are not
identically zero. Then u(id) and (h− u)(id) are non-zero. So u

u(id) ,
h−u

(h−u)(id) ∈ S+.

Further,

h = u(id)
u

u(id)
+ (1− u(id))

h− u

(h− u)(id)
.

Since h ∈ E , then h = u
u(id) = h−u

(h−u)(id) . Thus u = u(id)h. So h is minimal. By

Theorem 30.1, h =
∫
∂MΓ

fdνh for some measure νh on ∂MΓ. Since

1 = h(id) =

∫
∂MΓ

f(id)dνh =

∫
∂MΓ

dνh = νh(∂MΓ)

we see that νh is a probability measure. Since ∂MΓ ⊂ S+ and h ∈ E , we must have
νh = δh. Hence h ∈ ∂MΓ and so h ∈ ∂min

M Γ.
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Assume h ∈ ∂min
M Γ. Suppose h = tu1 + (1− t)u2 for some u1, u2 ∈ S+. Then

0 = (h− Pµh) = t(u1 − Pµu1) + (1− t)(u2 − Pµu2) ≥ 0

which implies that u1, u2 are harmonic. Then by minimality and the fact that
h(id) = u1(id) = u2(id) = 1, we see that h = u1 = u2. Thus h ∈ E .

□

Proof of Theorem 32.1. Suppose h : Γ → [0,∞) is harmonic. If h ≡ 0, then the
zero measure is the unique measure satisfying Equation (8). So suppose h is not
identically zero. Then by scaling we can assume that h(id) = 1. Then h ∈ S+ and
so there exists a probability measure νh supported on E such that

h =

∫
E
fdνh(f).

Notice that

0 = (h− Pµh)(x) =

∫
E
(f − Pµf)(x)dνh(f) ≥ 0

and so νh-almost every f is harmonic. Thus, by the lemma, νh is supported on
∂min
M Γ.
Now by Theorem 31.2, for any measurable subset A ⊂ ∂min

M Γ we have

νh(A) =
1

h(id)

∫
A

f(id)dνh(f) = Ph
id

(
lim
n→∞

wn ∈ A
)
.

Hence νh is unique. □

33. A stationary measures on the Martin boundary

Suppose Γ is a finitely generated group and µ is a probability measure on Γ so
that the associated random walk is irreducible and transient. In this section we
prove Theorem 29.3.

Since 1Γ is µ-harmonic, by Theorem 32.1 there exists a unique probability mea-
sure ν supported on ∂min

M Γ such that

1Γ =

∫
∂MΓ

fdν.

Theorem 31.2 applied to the function h ≡ 1 immediately implies part (2) of
Theorem 29.3. We prove the other two parts in the next two lemmas.

Lemma 33.1 (Theorem 29.3 part (1)). For every g ∈ Γ, the measures g∗ν, ν are
absolutely continuous and

dg∗ν

dν
(f) = f(g).

Moreover, ν is a stationary measure.

Proof. Since Γ maps ∂min
M Γ to ∂min

M Γ, we have supp(g∗ν) ⊂ ∂min
M Γ. Further,∫

f
dg∗ν

f(g)
=

∫
g·f dν

(g · f)(g)
=

∫
f ◦ g−1

f(g−1)

f(g−1)

f(g−1g)
dν =

∫
f◦g−1dν = 1Γ◦g−1 = 1Γ.

So by uniqueness, dν(f) = 1
f(g)dg∗ν(f).

Since ν-almost every f is harmonic,

d(µ ∗ ν)
dν

(f) =
∑
g∈Γ

µ(g)
dg∗ν

dν
(f) =

∑
g∈Γ

µ(g)f(g) = f(id) = 1
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almost everywhere. Hence µ ∗ ν = ν and so ν is stationary. □

Lemma 33.2 (Theorem 29.3 part (3)). Given ϕ ∈ L∞(∂MΓ, ν), define Hϕ : Γ → R
by

Hϕ(g) =

∫
f(g)ϕ(f)dν(f).

The map ϕ 7→ Hϕ is an isomorphism L∞(∂MΓ, ν) → H∞(Γ, µ).

Proof. We first check that ϕ 7→ Hϕ maps L∞(∂MΓ, ν) into H∞(Γ, µ). Fix ϕ ∈
L∞(∂MΓ, ν). Since

Hϕ(g) =

∫
f(g)ϕ(f)dν(f)

and ν-almost-every f is harmonic, using Fubini we see that Hϕ is harmonic. Also,
since 1Γ =

∫
fdν, we have

−∥ϕ∥∞ = −∥ϕ∥∞
∫

fdν ≤ Hϕ ≤ ∥ϕ∥∞
∫

fdν = ∥ϕ∥∞ .

Thus Hϕ ∈ H∞(Γ, µ).
Onto: Fix h ∈ H∞(Γ, µ). By replacing h with ah + b for some a, b ∈ R, we

can suppose that 0 < h < 1. By Theorem 32.1, there exists a unique measure νh
supported on ∂min

M Γ such that

h =

∫
fdνh.

Likewise, there exists a unique measure ν1−h supported on ∂min
M Γ such that

1− h =

∫
fdν1−h.

Now, by uniqueness, ν = νh + ν1−h. Hence νh, ν1−h ≪ ν and so dνh = ϕ1dν,
dν1−h = ϕ2dν for some ϕ1, ϕ2 ≥ 0. Then ϕ1 + ϕ2 = 1 and so 0 ≤ ϕ1 ≤ 1. Then
h = Hϕ1

and ϕ1 ∈ L∞(∂MΓ, ν).
One-to-One: By the uniqueness in Theorem 32.1, ϕ 7→ Hϕ is one-to-one on the

subset of non-negative functions. SupposeHϕ1 = Hϕ2 . Let c = max{∥ϕ1∥∞ , ∥ϕ2∥∞}.
Then

Hϕ1+c = Hϕ1
+ c1Γ = Hϕ2

+ c1Γ = Hϕ2+c.

Since ϕ1 + c, ϕ2 + c are both non-negative, then ϕ1 + c = ϕ2 + c and so ϕ1 = ϕ2.
□

Part 6. The Martin Boundary of a word hyperbolic group

34. Ancona’s estimate

Suppose Γ is a non-elementary word hyperbolic group, dS is a word metric on Γ,
and X is the Cayley graph associated to X and S. The Gromov compactification
of Γ is

Γ
G
:= Γ ⊔ ∂GX.

This compactification of Γ is independent of the choice of S, see [BH99, Chapter
III.H].

Next suppose that µ is a finitely supported probability measure on Γ so that the
associated random walk is irreducible. Our goal over the next several sections is
to prove that the Martin compactification associated to µ is homeomorphic to the
Gromov compactification. This result is originally due to Ancona [Anc88, Anc87],
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but the proof we provide is based on work of Gekhtman–Gerasimov–Potyagailo–
Yang [GGPY21].

We start by observing that it suffices to show that the Green’s function is coarsely
sub-multiplicative along geodesics in X.

Proposition 34.1 (Ancona). Assume the Green function has the following prop-
erty: for every R > 0 there exists C = C(R) > 1 such that

G(x, z) ≤ CG(x, y)G(y, z)

whenever x, y, z ∈ Γ and y is in the R-neighborhood of a geodesic segment joining
x to z.

Then the identity map Γ → Γ extends to a homeomorphism

Γ
M → Γ

G
.

Remark 34.2. Recall that
G(x, y)

G(id, id)

represents the probability that a random walk starts at x and visits y. Hence we
always have

(9) G(x, y)G(y, z) ≤ G(x, z)G(id, id).

The rest of the section is devoted to the proof of the proposition.

Lemma 34.3. Every element of ∂MΓ is harmonic.

Proof. Fix f ∈ ∂MΓ and an escaping sequence {yn} ⊂ Γ with K(·, yn) → f . Since
µ has finite support, PµK(·, yn) → Pµf . Then f is harmonic, since

PµK(·, y) = K(·, y) + 1

G(id, y)
δy. □

Lemma 34.4. If K1,K2 ⊂ Γ
G

are disjoint compact sets, then there exists C =
C(K1,K2) > 0 such that

K(x, y) ≤ CG(x, id)

for all x ∈ K1 ∩ Γ and y ∈ K2 ∩ Γ.

Proof. By the visibility lemma (Proposition 20.14) there exists R > 0 such that
any geodesic joining a point in K1 ∩ Γ to a point in K2 ∩ Γ intersects BR(id). Let
C = C(R) > 0 satisfy Proposition 34.1. Then if x ∈ K1 ∩ Γ and y ∈ K2 ∩ Γ, then
id is the R-neighborhood of a geodesic joining x to y. Hence

K(x, y) =
G(x, y)

G(id, y)
≤ CG(x, id).

□

Recall, that − logG(x, y) is quasi-isometric to the word metric (Proposition 28.5)
and so

lim
x→∞

G(x, id) = 0.

Lemma 34.5. If {xn} ⊂ Γ converges to f ∈ ∂MΓ and {xn} converges to ξ ∈ ∂GΓ,
then

lim
z→η

f(z) = 0

for all η ∈ ∂GΓ distinct from ξ.
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Proof. By the previous lemma, there exists C = C(η) > 0 such that

lim
z→η

f(z) = lim
z→η

lim
n→∞

K(z, xn) ≤ C lim
z→η

G(z, id) = 0. □

Lemma 34.6. If {xn} ⊂ Γ converges in Γ
M
, then {xn} converges in Γ

G
. Hence,

the identity map Γ → Γ extends to a continuous map

F : Γ
M → Γ

G
.

Proof. Suppose the first assertion fails. Then there exist {xn}, {yn} ⊂ Γ such that
xn, yn → f ∈ ∂MΓ, xn → ξ1 ∈ ∂GΓ, yn → ξ2 ∈ ∂GΓ, and ξ1 ̸= ξ2. If η ∈ ∂GΓ, then
either η ̸= ξ1 or η ̸= ξ2. So by the previous lemma

lim
z→η

f(z) = 0.

Since f > 0 and

lim
z→η

f(z) = 0

for all η ∈ ∂GΓ, f must obtain its maximum value. Then since Pµf = f and the
random walk is irreducible, f must be constant (check!). Since limz→η f(z) = 0 for
any η ∈ ∂GΓ, we must have f ≡ 0. However, by definition f(id) = 1 and so we have
a contradiction. Thus the first assertion is true.

Define F : Γ
M → Γ

G
by

F (x) =

{
x if x ∈ Γ

lim
Γ∋y→x

y if x ∈ ∂MΓ
.

The first assertion implies that F is continuous (check!).
□

Lemma 34.7. If ξ ∈ ∂GΓ, then

F−1(ξ) = ConvHull(F−1(ξ) ∩ ∂min
M Γ).

Proof. Fix h ∈ F−1(ξ). Then

h =

∫
fdνh

for some probability measure νh supported on ∂min
M Γ. It suffices to show that

νh(F
−1(ξ)) = 1.

Then it suffices to fix a closed set A ⊂ ∂MΓ where A ∩ F−1(ξ) = ∅ and show
that νh(A) = 0. Let

h′ :=

∫
A

fdνh.

Then h′ ≤ h. By Lemma 34.4, there exists C > 0 such that

lim
x→ξ

h′(x) = lim
x→ξ

∫
A

f(x)dνh ≤ lim
x→ξ

CG(x, id) = 0.

However, if η ̸= ξ, then by Lemma 34.5 applied to h,

lim
y→η

h′(y) ≤ lim
y→η

h(y) = 0.

Thus h′ realizes its maximum and hence is constant. Thus h′ ≡ 0 and so νh(A) =
h′(id) = 0.

□
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Lemma 34.8. F is injective and hence a homeomorphism.

Proof. It suffices to fix ξ ∈ ∂GΓ and show that F−1(ξ) is a single point. Recall that
X is a Cayley graph of Γ. Fix a geodesic ray ℓ : [0,∞) → X with ℓ(0) = id and
[ℓ] = ξ. Then fix {mj} ⊂ N such that mj → ∞ and K(·, ℓ(mj)) → h0 ∈ ∂MΓ.

Claim: F−1(ξ) ∩ ∂min
M Γ = {h0} and hence

F−1(ξ) = ConvHull(F−1(ξ) ∩ ∂min
M Γ) = {h0}.

By the previous lemma there exists some h ∈ F−1(ξ) ∩ ∂min
M Γ . Fix a sequence

{yn} converging to h in Γ
M
. Then yn converges to ξ = F (h) in Γ

G
. Let ℓn be

a geodesic joining id to yn. Then passing to a subsequence we can suppose that
ℓn → ℓ̄. Then [ℓ̄] = ξ = [ℓ] and so

R := sup
t≥0

d(ℓ(t), ℓ̄(t)) < +∞.

Fix j and fix n sufficiently large so that

d(ℓ(mj), ℓn(mj)) < R+ 1.

Then ℓ(mj) is in the (R+ 1)-neighborhood of ℓn and hence

G(id, yn) ≤ CG(id, ℓ(mj))G(ℓ(mj), yn)

for some C > 1. By Equation (9)

G(x, yn) ≥ G(id, id)−1G(x, ℓ(mj))G(ℓ(mj), yn)

and so

K(x, yn) =
G(x, yn)

G(id, yn)
≥ G(id, id)−1G(x, ℓ(mj))G(ℓ(mj), yn)

CG(id, ℓ(mj))G(ℓ(mj), yn)
=

G(id, id)−1

C
K(x, ℓ(mj)).

Then sending n → ∞,

h(x) ≥ 1

CG(id, id)
K(x, ℓ(mj)).

Then sending j → ∞,

h(x) ≥ 1

CG(id, id)
h0(x)

for all x ∈ Γ.
Since h is a minimal harmonic function and h(id) = 1 = h0(id), we have h = h0.

Then F−1(ξ) ∩ ∂min
M Γ = {h0}. Thus the claim is true.

□

35. Visual metrics

Suppose X is Gromov hyperbolic. For x, y, o ∈ X, the Gromov product of x, y
based at o is

(x|y)o :=
1

2
(d(x, o) + d(o, y)− d(x, y)) .

Using the Gromov product, we define a metic on X
G
. First we extend the Gromov

product to X
G ×X

G
by taking limits. For ξ, η ∈ ∂GX, define

(ξ|η)o := sup

{
lim sup
n→∞

(xn|yn)o
}
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where the supremum is taken over all sequence (xn), (yn) ⊂ X with xn → ξ and
yn → η. Next, for ξ ∈ ∂GX and x ∈ X, define

(ξ|x)o = (x|ξ)o := sup

{
lim sup
n→∞

(yn|x)o
}

where the supremum is taken over all sequence (yn) ⊂ X with yn → ξ.

Next fix ϵ > 0 sufficiently small and define Dv : X
G ×X

G → [0,∞) by

Dv(x, y) = inf

{
N−1∑
i=0

e−ϵ (xi|xi+1)o

}

where the infimum is taken over all finite lists x0, . . . , xN in X
G
with x0 = x and

xN = y. Finally, define Dv : X
G ×X

G → [0,∞) by

Dv(x, y) := min {ϵd(x, y),Dv(x, y)}

where d(x, y) = +∞ when x ∈ ∂GX or x ∈ ∂GX.

Theorem 35.1. For any o ∈ X and ϵ > 0 sufficiently small the function Dv is a

metric on X
G
which generates the standard topology. Moreover, there exists C > 1

such that: If x, y ∈ X, then

C−1e−ϵ(x|y)o ≤ Dv(x, y) ≤ Ce−ϵ(x|y)o .

The proof is somewhat involved and for details one can look at [DSU17, Section
3.6.2].

35.1. Geometric meaning of the Gromov product. The Gromov product has
the following geometric meaning.

Proposition 35.2. Suppose X is δ-hyperbolic and x, y, o ∈ X.

(1) If ℓ is a geodesic segment joining x to y, then

d(o, ℓ)− 2δ < (x|y)o ≤ d(o, ℓ).

(2) If ℓx, ℓy are geodesic segments joining o to x, y respectively and

T := max{t ≥ 0 : d(ℓx(t), ℓy(t)) ≤ 2δ},

then

T − δ ≤ (x|y)o ≤ T + δ.

Proof. (1). If u ∈ ℓ, then

2(x|y)o = d(x, o) + d(o, y)− d(x, y) = d(x, o) + d(o, y)− d(x, u)− d(u, y)

≤ 2 d(u, o).

So (x|y)o ≤ d(o, ℓ).
Let ℓx be a geodesic segment joining o to x and let ℓy be a geodesic segment

joining o to y. Since ℓ ⊂ N δ(ℓx) ∪ N δ(ℓy) and ℓ is connected, there exists a point
u ∈ ℓ such that

u ∈ N δ(ℓx) ∩N δ(ℓy).

Pick x′ ∈ ℓx and y′ ∈ ℓy with

d(x′, u),d(y′, u) < δ.
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Then

2(x|y)o = d(x, o) + d(o, y)− d(x, y)

= d(x, x′) + d(x′, o) + d(o, y′) + d(y′, y)− d(x, u)− d(u, y)

> −2δ + d(x′, o) + d(o, y′) ≥ −4δ + 2d(o, u).

Hence (x|y)o > d(o, ℓ)− 2δ.
(2). If d(ℓx(t), ℓy(t)) ≤ 2δ, then

2(x|y)o = d(x, o) + d(o, y)− d(x, y)

= 2t+ d(x, ℓx(t)) + d(ℓy(t), y)− d(x, y)

≥ 2t− 2δ.

So (x|y)o ≥ T − δ.
If (x|y)o ≤ δ, then (x|y)o ≤ δ + T . So we can assume that (x|y)o > δ. Then fix

t := (x|y)o − δ. Let ℓxy be a geodesic joining x to y. Then there exists v ∈ ℓy ∩ ℓxy
such that

d(ℓx(t), v) < δ.

We claim that v ∈ ℓy. If not, then v ∈ ℓxy and

d(o, ℓxy) ≤ d(o, v) < d(o, ℓx(t)) + δ = t+ δ = (x|y)0 ≤ d(o, ℓxy)

and so we have a contradiction. So v = ℓy(s) for some s ≥ 0. Then

|t− s| ≤ |d(o, ℓx(t))− d(o, ℓy(s))| ≤ d(ℓx(t), ℓy(s)) < δ

and so

d(ℓx(t), ℓy(t)) ≤ |t− s|+ d(ℓy(s), ℓy(t)) < 2δ.

Thus T ≥ t = (x|y)o − δ.
□

36. Establishing Ancona’s estimates

Suppose Γ is a non-elementary word hyperbolic group, S is a finite symmetric
generating set, X is the associated Cayley graph, and dS is the associated word
metric on Γ. Let µ be a finitely supported probability measure on Γ such that the
associated random walk is irreducible.

In this section we verify Ancona’s estimates and hence show that the Martin
and Gromov boundary coincide. The arguments that follow come from recent
work of Gekhtman–Gerasimov–Potyagailo–Yang [GGPY21] concerning the Martin
boundary of relatively hyperbolic groups.

Given a finite list τ = (τ1, . . . , τn) of elements of Γ, let

ω(τ) :=

{
µ(τ−1

1 τ2) · · ·µ(τ−1
n−1τn) if n > 1

1 if n = 1.

A list is admissible if ω(τ) > 0, i.e. τ−1
j τj+1 ∈ supp(µ) for all j.

For x, y ∈ Γ, let P (x, y) be the set of finite lists starting at x and ending at y.
Then

G(x, y) =
∑

τ∈P (x,y)

ω(τ).
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Hence we can define a measure Prx,y on P (x, y) by

Prx,y(A) =
1

G(x, y)

∑
τ∈A

ω(τ).

Theorem 36.1. There exists R0 > 0 such that: if x, y ∈ Γ and z ∈ Γ is in a
geodesic segment joining x to y, then

Prx,y(τ : τ ∩BR0
(z) ̸= ∅) > 1/2.

As a corollary, we can verify Ancona’s estimates.

Corollary 36.2. For every R > 0 there exists C = C(R) > 1 such that if x, y, z ∈ Γ
and z is in the R-neighborhood of a geodesic segment joining x to y, then

G(x, y) ≤ CG(x, z)G(z, y).

Hence by Proposition 34.1, the identity map Γ → Γ extends to a homeomorphism

Γ
M → Γ

G
.

Proof of Corollary. By the theorem

G(x, y) ≤ 2
∑

τ∈P (x,y)
τ∩BR+R0

(z)̸=∅

ω(τ) ≤ 2
∑

w∈BR+R0
(z)

∑
τ1∈P (x,w)

∑
τ2∈P (w,y)

ω(τ1)ω(τ2)

= 2
∑

w∈BR+R0
(z)

G(x,w)G(w, y).

Now, w 7→ G(w, y) is µ-superharmonic and w 7→ G(x,w) is µ̂-superharmonic, where
µ̂(g) = µ(g−1). Hence by Harnack’s inequality, there exists C1 = C1(R + R0) > 0
such that

G(x, y) ≤ 2C1

∑
w∈BR+R0

(z)

G(x, z)G(z, y) = 2C1 |BR+R0(z)|G(x, z)G(z, y).

Since the word metric is Γ-invariant, |BR+R0
(z)| only depends on R+R0 (and not

z).
□

36.1. Proof of Theorem 36.1. The idea is to show that long paths have low
probability and show that paths that do not intersect BR(z) must be long.

Lemma 36.3. There exist 0 < ϕ < 1 and A > 0 such that: if x ̸= y, then

Prx,y(τ : Length(τ) ≥ M) ≤ ϕM−A dS(x,y).

Proof. For t ∈ R consider the (possibly divergent) power series

Gt(x, y) :=

∞∑
n=0

tnpn(x, y).

Recall from Example 26.4 that Γ is non-amenable and so by Theorem 26.12 the
spectral radius satisfies

ρ(µ) < 1.

Further, the spectral radius satisfies

ρ(µ) := lim sup
n→∞

pn(x, y)
1/n



88 RANDOM WALKS ON GROUPS

(see Observation 26.9). Then Gt converges when |t| < ρ(µ)−1 and for such t the
function x 7→ Gt(x, y) is superharmonic (check!).

Fix t ∈ (1, ρ(µ)−1). Then

Prx,y(τ : Length(τ) ≥ M) =
1

G(x, y)

∞∑
n=M

pn(x, y) ≤
1

G(x, y)
t−M

∞∑
n=M

tnpn(x, y)

≤ Gt(x, y)

G(x, y)
t−M .

Then, by Harnack’s inequality, there exists λ > 1 such that

Prx,y(τ : Length(τ) ≥ M) ≤ Gt(y, y)

G(y, y)
λ2 dS(x,y)t−M ≤

(
Gt(y, y)

G(y, y)
λ2

)dS(x,y)

t−M .

Now let ϕ := 1/t and A := − logt

(
Gt(y,y)
G(y,y) λ

2
)
. □

Fix ϵ > 0, Dv, and Dv as in Section 35. Then there exists C > 1 such that

C−1e−ϵ(x|y)id ≤ Dv(x, y) ≤ Ce−ϵ(x|y)id

for all x, y ∈ X.
For r > 0 let

Er(x) :=

{
y ∈ Γ : dS(id, y) < r and Dv(x, y) <

1

r

}
.

Then let Qr(x, y) ⊂ P (x, y) be the set of admissible lists that intersect both of
E2r(x), E2r(y) but do not intersect at least one of Er(x), Er(y).

Observation 36.4. If x, y ∈ Γ are distinct, then

{τ ∈ P (x, y) : τ admissible and τ ∩BR(id) = ∅} ⊂
∞⋃

m=0

Q2mR(x, y).

Proof. Fix τ ∈ P (x, y) admissible with τ ∩BR(id) = ∅. Then
τ ∩ (ER(x) ∪ ER(y)) ⊂ τ ∩BR(id) = ∅.

Further, x ∈ E2mR(x) and y ∈ E2mR(y) when m is sufficiently large. So there exists
a minimal m ≥ 0 such that

τ ∩ E2m+1R(x) ̸= ∅ and τ ∩ E2m+1R(x) ̸= ∅
and with this choice τ ∈ Q2mR(x, y). Thus the first assertion is true.

□

Lemma 36.5. There exists a function h : (0,∞) → [0,∞) such that

(1) limr→∞
h(r)
r = +∞

(2) If x, y ∈ Γ are distinct, id is contained in a geodesic joining x to y, u ∈
E2r(x), and v ∈ E2r(y), then any admissible list joining u to v that does
not intersect Er(x) or Er(y) has length at least h(r).

Proof. Since id is contained in a geodesic joining x to y, we have

(x|y)id =
1

2
(d(x, id) + d(id, y)− d(x, y)) = 0

Further, x ̸= y and so
dS(x, y) ≥ 1.
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Then

Dv(x, y) = min
{
ϵdS(x, y), C

−1e−ϵ(x|y)id
}
≥ min{ϵ, C−1}.

Further, by symmetry, it suffices to consider an admissible list τ joining u to v that
does not intersect Er(x).

Case 1: Assume τ ∩Br(id) = ∅. Let L be a path in the Cayley graph obtained by
joining successive elements in τ by a geodesic. Let T := maxg∈supp(µ) |g|S . Then
L ∩Br−T (id) = ∅ and Length(L) ≤ TLength(τ).

If L = (γ1, . . . , γm), then

Dv(γj , γj+1) ≤Dv(γj , γj+1) ≤ Ce−ϵ(γj |γj+1)id = Ce−ϵ/2(dS(γj ,id)+dS(id,γj+1)−dS(γj ,γj+1)

≤ Ce−
ϵ
2 (r−T+r−T−1) ≤ C2e

−ϵr

where C2 := CeϵT+ϵ/2. Further,

Dv(u, v) ≥ Dv(x, y)−Dv(x, u)−Dv(v, y) ≥ min{ϵ, C−1} − 2
1

2r
.

So

min{ϵ, C−1}−1

r
≤ Dv(u, v) ≤

m∑
j=1

Dv(γj , γj+1) ≤ C2Length(L)e
−ϵr ≤ C2TLength(τ)e

−ϵr.

Thus

Length(τ) ≥
(
min{ϵ, C−1} − 1

r

)
C−1

2 T−1eϵr.

Case 2: Assume τ ∩ Br(id) ̸= ∅. Let u′ ∈ τ be the first point of intersection of τ
with Br(id). Since u′ /∈ Er(x), we have Dv(u

′, x) ≥ 1
r . Hence

Dv(u, u
′) ≥ Dv(u

′, x)−Dv(u, x) ≥
1

r
− 1

2r
=

1

2r
.

Then, arguing as in Case 1,

1

2r
≤ Dv(u, u

′) ≤ C2TLength(τ)e
−ϵr.

Thus

Length(τ) ≥ 1

2r
C−1

2 T−1eϵr.

Hence in all cases, τ has length at least

h(r) = max

{
0,min

{
min{ϵ, C−1} − 1

r
,
1

2r

}}
C−1

2 T−1eϵr.

When r is sufficiently large,

h(r) := C−1
2 T−1 e

ϵr

2r

and so limr→∞
h(r)
r = +∞. □

Lemma 36.6. If x, y ∈ Γ are distinct and id is contained in a geodesic joining x
to y, then

Prx,y(Qr(x, y)) ≤ ϕh(r)−4Ar.
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Proof. Let Q′
r(x, y) ⊂ Qr(x, y) denote the lists that intersect E2r(x) before E2r(y).

Then for τ ∈ Q′
r(x, y) we can write τ = (τ1, u, τ2, v, τ3) where τ1∩(Er(x)∪E2r(y)) =

∅, u ∈ E2r(x), v ∈ E2r(y), and τ3 ∩ E2r(y) = ∅. Since τ does not intersect Er(x)
or Er(y), we also have

Length(u, τ2, v) ≥ h(r)

and since u, v ∈ E2r(x) ∪ E2r(y) ⊂ B2r(id), we have dS(u, v) ≤ 4r.
Then

Prx,y(Q
′
r(x, y)) =

1

G(x, y)

∑
τ=(τ1,u,τ2,v,τ3)∈Q′

r(x,y)

ω(τ1, u)τ(u, τ2, v)τ3(v, τ3)

Let P ′(x, y) be the lists that intersect both E2r(x) and E2r(y), and intersect
E2r(x) before E2r(y). For τ ∈ P ′(x, y), we can write τ = (τ1, u, τ2, v, τ3) in the
same way except that τ2 has no constraints. Thus by Lemmas 36.3 and 36.5,

Prx,y(Q
′
r(x, y)) ≤ ϕh(r)−4Ar Prx,y(P

′(x, y)).

The lemma then follows after a similar analysis applied to the paths intersecting
E2r(y) before E2r(x). □

Fix R0 > 1 such that
h(R0t)

R0t
≥ 4A+ 2

for all t ≥ 1 and
ϕR0

1− ϕR0
<

1

2
.

Lemma 36.7. If x, y ∈ Γ and z is contained in a geodesic joining x to y, then

Prx,y(τ ∈ P (x, y) : τ ∩BR0
(z) ̸= ∅) < 1

2
.

Proof. By translating by z−1, we can assume that z = id. Then by the previous
lemmas,

Prx,y(τ ∈ P (x, y) : τ ∩BR0
(id) ̸= ∅) ≤

∞∑
m=0

Prx,y(Q2mR0
(x, y))

≤
∞∑

m=0

ϕh(2mR0)−2m+2AR0 ≤
∞∑

m=0

ϕ2m+1R0 ≤
∞∑

m=0

ϕ(m+1)R0 =
ϕR0

1− ϕR0
<

1

2
.□
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