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1. INTRODUCTION

Given a probability measure p on a group G, we will study asymptotic behavior
of the random variables
9192 gn
where the g; are independent identically distributed elements of G each with dis-
tribution u.
In the rest of this section we will briefly outline what is covered in these lecture
notes. Much of our initial discussion will be based on the books of Lalley [Lal23]

and Benoist—Quint [BQ16].

Part # 1: The toolbox. In the first part of the course we will develop a tool box
for studying random products. This includes introducing some important theorems
from ergodic theory and developing a theory of stationary measures.

Part # 2: Random walks on linear groups. In Part #2 we consider a probabil-
ity measure p on SL(d,R) and let g1, ¢2,... be independent identically distributed
elements each with distribution . We will be primarily interested in studying the
asymptotics of the singular values of

gl...gn

as n — +oo.
Recall that every g € SL(d, R) has a singular value decomposition g = kaf where
k.l € SO(d),
o1(g)

o4(g)
and 01(g) > 02(g9) > -+ > 04(g) are the singular values of g.



RANDOM WALKS ON GROUPS 3

Warning! The singular values are unique, but the orthogonal matrices in the
singular value decomposition are not. For instance, let

M := {diag(%1,...,%1)} N SL(d, R).

Now, if g = kal is a singular value decomposition, then so is g = (km)a(m¥) for all
m € M.

Let |lg|| = o1(g) denote the operator norm of an element g € SL(d,R). As a
corollary to the Kingman Ergodic Theorem, we will prove the following.

Theorem 1.1 (see Theorem below). If

/ log ||g]l du(g) < +oo,
SL(d,R)
then for 1 <p <d—1, the number

Ap(p) = lim — Glogop(g)du (9)

m—o00 M

is called the p'" - Lyapunov exponent of u and satisfies
1 .1
Jim —logop(gi--gn) = Ap(u) = lim —logop(gn - g1)

almost surely.

By definition one has

A(p) = Aap) = -+ = Aa(p)

and we will show when the support of the measure generates a Zariski dense group,
there is strict inequalities between each Lyapunov exponent.

A subgroup H C SL(d,R) is Zariski dense if, viewing SL(d,R) C RdQ, whenever
P:RY S Risa polynomial vanishing on H, then P also vanishes on SL(d,R).
Being Zariski dense is quite mild and is, in some sense, a generic condition.

Example 1.2. We can view SL(d, R) is a smooth submanifold of R, IfNisa prob-
ability measure on SL(d,R) which is induced by a smooth volume form and X,Y
are independent identically distributed elements of SL(d,R) each with distribution
A, then

Pr(X,Y generate a Zariski dense subgroup) = 1.
For details see [Bre08, Lemma 6.8].

Theorem 1.3 (Gol’dsheid-Margulis [GM89]). If

° fSL(d,]R) log ||g]| du(g) < +oo and
e the group generated by supp(g) is Zariski dense,

then
Ar(p) > Aa(p) > -+ > Aa(p).



4 RANDOM WALKS ON GROUPS

Part #3: Random Walks on Gromov Hyperbolic Spaces. In this part we
will consider random walks on the isometry group Isom(X) of a proper metric space
X. In particular, we consider a probability measure p on Isom(X) and let g1, g2, . . .
be independent identically distributed elements each with distribution u. We will
be primarily interested in studying the asymptotics of the orbits of

g1+ gn(20)

as n — +oo, where xg € X is some basepoint.
As a corollary to the Kingman Ergodic Theorem, we will prove the following.

Theorem 1.4 (see Theorem below). If zg € X and

[ dx(oo gadu(g) <+
Isom(X)
then there exists a number L, > 0, called the linear drift of p, such that

. 1
lim —dx(xo,91 - gn(x0)) = Ly

n—o00 N

almost surely.

The main goal of this part of the notes is to prove that linear drift is positive when
X is a proper geodesic Gromov hyperbolic metric space and the group generated
by the support of probability measure is “non-elementary.”

So, let X be a proper geodesic Gromov hyperbolic metric space. Then X has a
natural compactification X7 = xu Og X called the Gromov compactification. The
isometry group extends continuously to this compactification and a semigroup
H C Isom(X) is non-elementary if

(1) There are no H-invariant subsets in dgX with cardinality 1 or 2.
(2) Every (some) orbit of H in X is unbounded.

We will prove the following.

Theorem 1.5 (see Theorem below). Suppose the semigroup generated by
supp(p) is non-elementary. Then:

(1) If zo € X, then
lim g1 -+ gn(2o)

n—oo
exists and is in OgX almost surely.
(2) If flsom(X) d(o, g(z0))du(g) < +oo for some (any) xo € X, then the linear
drift is positive.

For more properties of random walks in this context, see Maher—Tiozzo [MT18]
(who prove much more and consider non-proper Gromov hyperbolic spaces).

The proof we provide for Theorem [1.5| uses an integral formula for the linear drift
due to Karlsson—Ledrappier [KL11] and is very similar to the proof of Theorem [1.3

Part #4: Random walks on finitely generated groups. In Parts 4 through 6,
we consider a probability measure p on a finitely generated group I'. As before, we
let g1, g2, ... be independent identically distributed elements each with distribution
. The random variable

g1 gn
describes the n-th step of a random walk on I' starting at the identity with step
distribution pu.
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The main result of this part proves that when I' is non-amenable, the random
walk always has positive linear drift.

Theorem 1.6 (see Theorem below). Suppose dg is a word metric on T' and
w induces an irreducible random walk. If T' is non-amenable, then the linear drift

i ds(id, g1 - - - gn)

n—00 n

L, :=
is positive (possibly equal to +00).

Remark 1.7. Notice that we do not assume that [dg(id, g)du(g) < +oo in this
theorem.

We also introduce the Green metric associated to a random walk and establish
some of its basic properties (see Section .

Part #5: The Martin Boundary. In this part we introduce the Martin com-
. . =M . .. .
pactification I' = T" U 9y I" associated to to a probability measure p on a finitely
generated group I' where the associated random walk is irreducible and transient.

The two main results we establish are

(1) Every positive harmonic function can be described by an integral over the
Martin boundary.
(2) A random walk almost surely converges to a point in the Martin boundary.

(see Theorems and [29.3)

Part #6: The Martin Boundary of a word hyperbolic group. In this
part, we consider a word hyperbolic group I with a finitely supported probability
measure g whose support generates I' as a semigroup. In this case, we prove that
the Gromov boundary coincides with the Martin boundary.

This result is originally due to Ancona [Anc88| [Anc87], but the proof we pro-
vide is based on recent work of Gekhtman—Gerasimov—Potyagailo-Yang [GGPY21]
which extends Ancona’s results to relatively hyperbolic groups.

Dependencies.

e Part 2 uses the main results from Part 1.

e Part 3 is independent of Part 2 and uses the main results from Part 1.

e Part 4 is essentially independent from Parts 1, 2, and 3, and only uses the
notation introduced in Section

e Part 5 requires Part 4, except for Section[26)and the discussion of the Green
metric in Section

e Part 6 requires almost all of Parts 4 and 5.

Part 1. The toolbox
2. THE BIRKHOFF ERGODIC THEOREM

In this section we define ergodicity and state the Birkhoff ergodic theorem, for
more background on ergodic theory see the discussion in Lalley’s book [Lal23] or
standard texts in ergodic theory [EW11] [Wal82].
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For the rest of the section fix a measurable space (X,.A) and a measurable map
T:X — X (ie. T7'(A) € Afor all A € A). Given a measure A on (X, .A) the
push-forward of X\ under T is the measure

T A(A) = NTLA).
Definition 2.1.

e A measure \ is T-invariant if T,A = .
e A finite T-invariant measure A is ergodic if every measurable set A with
T~Y(A) = A has either zero or full measure.

There are a number of basic equivalences.

Observation 2.2. Suppose )\ is a finite T-invariant measure. Then the following
are equivalent:
(1) A is ergodic.
(2) Every measurable subset A C X with A(AAT~!A) = 0 either has zero or
full measure.
(3) Every measurable function f : X — R with f oT = f almost everywhere
is constant almost everywhere.

Remark 2.3. AAB = (A — B)U (B — A) is the symmetric difference.

Remark 2.4. When the measure is fixed, we often say that a measurable function
f: X — Ris T-invariant if f oT = f almost everywhere and that a measurable
set A € Ais T-invariant if AAT~!A has measure zero.

Proof. (1) = (2). Let
A" :={x: T92 € A for infinitely many j} = ﬂ U TIA.
m>1j>m

Then T 1A’ = A’ and hence A’ either has full or zero measure. Thus it suffices to
show that A\(A’AA) = 0 (which implies that A(A) = A(4")).
First notice that

j—1 j—1 j—1
AMAATTA) <Y NTTAAT D A) = S NTT(AAT'A)) = > A(AAT'4) = 0.
1=0 =0 1=0

Then
AMAA Ujsm T7A) < > ANAATTA) = 0.

j=m
Finally, using monotonicity,

MAAA) = lim MAAUjs, T7A) = 0.

m— o0
(2) = (3). Forc e R, let E. := {x € X : f(x) > ¢}. Then, since foT = f
almost everywhere, )\(ECAT*IEC) = 0 and so E,. either has zero or full measure.
Thus f = sup{c: E. has full measure} almost everywhere.
(3) = (1). If T7'A = A, then 14 0T = 14. Hence 14 is constant almost
everywhere, which implies that A either has zero or full measure. ([l

Ergodic systems have the following remarkable property.
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Theorem 2.5 (Birkhoff Ergodic Theorem). Suppose T : (X, \) — (X, \) is ergodic.
If f € L (X, \), then

n—1
1 » 1
lim — Tx) = —— dA
nasoo 1 j;f( =3 /f
for almost every x € X.

Proof. For a proof of Birkhoff’s theorem see any of [Lal23 [EW11], Wal82]. |

Birkhoff’s theorem states that for ergodic systems, the average of f along a
generic orbit coincides with the average value of f.

Using Birkhoff’s theorem we will provide a geometric description of the ergodic
probability measures (it is also possible to prove this directly). Let Pr(X) denote
the set of T-invariant probability measures, which is a convex subset of the space
of all probability measures.

Proposition 2.6. A T-invariant probability measure A is ergodic if and only if it
is an extreme point of Pr(X), i.e. if X = tA1 + (1 —t)A2 where 0 < ¢t < 1 and
)\1,)\2 S PT(X), then A = A1 = \q.

Proof. (). Suppose for a contradiction that T-'A = A for some measurable set
with A(A) € (0,1). Let Ay = 535 AMAN-) and Ay = 5755 MA° N +). Then

A= AA)AL + (1 - AADA,

and both measures are T-invariant. So A = A1 = Ag. Since A1, Ay are singular this
is impossible.

(=). Suppose A = tA; + (1 — t)Ag where 0 < ¢t < 1 and A1, Ay € Pr(X).
Since each )\; is absolutely continuous with respect to A, any set with full or zero
A-measure has full or zero A\;-measure. Thus each )\; is ergodic.

Fix a measurable subset A C X, then applying Birkhoff’s theorem we have

= 4
N 2 1a(T72) = X(A)

for A\;-almost every x. However, applying Birkhoff’s theorem we also have

for A-almost every x. Since \; < A, we can fix z satisfying both conditions. Hence
Ai(A) = A(A). Thus A; = A
O

2.1. Existence of ergodic measures. Suppose Y is a compact metrizable space
and T : Y — Y is continuous. We will show that there exists an ergodic probability
measure. Let P(Y) denote the space of Borel probability measures on Y with the
weak-* topology, i.e.

%%u@/fdun%/fdu
for all continuous functions f : Y — R. With this topology, P(Y) is compact.

Proposition 2.7. Ifyo €Y and u, := %Zn_l

=0 Opiy,, then any weak-+ limit point
of {un} is T-invariant.
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Proof. Suppose fi,; — p. Then

i—1
13 1 1
T*,unj - Z 5Tj+1y0 = ,Ufnj + 75T7l.7y0 - 7§y0~
n n; n;
Taking j — oo we get Ty = L. O

Corollary 2.8. There exists a probability measure on Y which is ergodic with
respect to T'.

Proof. Let Pr(Y) denote the T-invariant measures. Then Pr(Y) is a non-empty
convex subset of a reasonable vector space (the dual of continuous functions on
Y) and hence by the Krein-Milman theorem Pr(Y) has extreme points. So by
Proposition there exists a probability measure on Y which is ergodic with
respect to T'. O

2.2. Examples. We just mention a few ergodic systems (which will never be dis-
cussed again in this class).

(1) Let S* C C be the unit circle and let A be the pushforward of the Lebesgue
measure under the map 6 € [0,27] > ¢ € S!. Then let T : S* — S* be
rotation by a number 27 with « irrational, i.e. T(e?) = €'(®*27) Then
T is ergodic with respect to .

(2) Let T = R? /Z? be the Torus and let X be the pushforward of the Lebesgue
measure restricted to [0, 1] x [0, 1] under the map (x,y) +— (,y)+2Z>. Given
g €SL(2,Z) define T, : T — T by

Ty((z,y) + Z2°) = g(a,y) + Z*.
If g has no eigenvalue with modulus one, then T} is ergodic with respect to
A

In both cases, one verifies ergodicity using the Fourier series!

3. THE MATHEMATICAL SETUP FOR STUDYING RANDOM WALKS

Delaying some definitions, our usual setup/notation is the following:

e (G is a second countable locally compact Hausdorff topological group.

e 11 is a Borel probability measure on G.

e QO =GN (i.e. sequences in G), which we can interpret as the space of all
possible random products. We use g = (g1, ga, . . . ) to denote an element of
Q

F is the product sigma algebra on .

[ ]

e 3 = pu®" is the product probability measure on €.
o wy, : Q— G is the map w,(g) =91+ gn.

e 11*™ is the n-fold convolution of p.

We now explain the words used above.

Topological groups. A topological group G is a group which is also a topological
space where multiplication (g,h) € G x G+ gh € G and inversion g € G+ g~ €
G are both continuous.

The conditions “second countable locally compact Hausdorff” imply that the
topology is metrizable and hence every Borel measure is regular.
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We will almost always consider the case when G is a countable group with the
discrete topology or when G = SL(d, R), which has the subspace topology from the

natural inclusion SL(d,R) C RY.

The product sigma-algebra on Q = GN. A subset C' C Q is called a cylinder if

c=]]c
each C; is a Borel measurable subset of G, and the set {i : C; # G} is finite.
The product sigma algebra on €2 is the smallest sigma algebra containing all of the
cylinders.
Since G is second countable, the product sigma-algebra on G coincides with
the Borel sigma algebra with respect to the product topology on GN.

The product probability measure on Q = GY. The measure = p®" is the
unique probability measure (defined on the product sigma algebra) where §(C) =
[1w(C;) for every cylinder C =[] C;.

Convolutions of measures. The convolution, denoted A * v, of two measures A, v
on G, is a measure on G defined by

Axv = / g«vdA(g),
G

i.e. for a measurable set
Axv(A) = /Gg*l/(A)d)\(g) = /Gl/(gflA)d)\(g).

The convolution of two measures is the push-forward under multiplication of
their product.

Observation 3.1. If m : G x G — G is the multiplication map m(g, h) = gh, then
Mme(A®v) = A*v.

Proof. Notice that

)\*I/(A):/G v(g L A)dA(g) //17114 )dv(h)dA(g //lAghdu )dA(g)

=\ @v){(g,h) : gh€ A}) = A@r)(m™'A) =m.(A@v
O

As an immediate consequence we have the following.

Observation 3.2. For an integrable function

/G Fd(xwv) = /G /G F(gh)AN(g)dv(h).
Proof. Note that

/Gfd(A*V):/Gfdm*(A®V)=/ch(fom)d(A®V)

- /G /G F(gh)dA(g)dv(h).
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The n-fold convolution of u, denoted by p*™ = p* --- % u is of particular im-
portance for studying random products. Recall w,, :  — G is the map w,(g) =

g1+ Gn.

Observation 3.3. For all measurable subsets A C G,
w"(A) =Pr(w, € A).

Equivalently, (wy)«8 = u*™.

Proof. By definition,

u*”(A):/GlAdu*"=/G~-~/GlA(gl-~-gn)du(91)---du(9n)~

Let B := {g:w, € A}. Then B = B’ x G" where B’ C G". So by definition,

Pr(w, € A) = B(B) = (u®")(B') = /G /G La(gr - gn)dpa(gr) - dulga).

O
4. ERGODICITY OF THE SHIFT MAP
Let G, p, Q = GV, B = u®N, etc. be as usual. Define T : Q — Q by
T(91,92,935---) = (92,935 - - - )-
This transformation will be very useful for studying random products.
Theorem 4.1. T : (Q,8) — (Q, 8) is ergodic.
Since T is continuous, T is (Borel) measurable. Also, if C =C; x Cy x --+ is a

cylinder, then
T.8(C) = B(I~(C)) = B(G x Cy x Cy x ---) = [ u(C:).

Since ( is the unique probability measure with this property, we must have T, 8 = .
So 3 is T-invariant.
We provide two proofs of ergodicity.

Proof of Ergodicity #1. To show that T is ergodic, fix a measurable set E with
T~Y(E) = E. Since j is a probability measure, to show that E has either zero or
full measure it suffices to show that B(E) < B(E)2.

Fix € > 0. By standard approximation results (see Corollary A.2.4 in [Lal23]),
we can find a finite union of cylinders A such that

/|1E_1A|dﬁ<€a

which implies that |3(E) — 8(4)| < e.
Since A is a finite union of cylinders, there exists n € N and Ag C G™ such that
A=Ay xGxG---. Then

T™(A)=G" x Ag x G x G-

and so

/].AlT—n(A)dﬁ = 5(AOT_TL(A)) = 5(A() XA(] XGEXGx-- ) = ,U,®n(A(])2 = ﬁ(A)2
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Then
8(E) = B(ENT"(E)) = [ 1p1r-(sd8
= /lAlT*"(A)dﬂ + /(1E — 1a)lp-n(aydB + / Lg(Ip-n(my — Lp-n(a))dB

gﬂ(A)2+/\1E—1A\dﬁ+/|1EoT"—1AoT”|dﬁ
< (B(E) + €)* + 2e.

Since € > 0 was arbitrary, 5(E) < (FE)2. Hence E has either zero or full measure.
Thus T is ergodic. ]

Proof of Ergodicity #2. For n > 0, let H,, C L?> = L?(Q,3) be the L?-functions
that depend only on g1, ..., g,. Then each H, is a closed subspace, U,, H,, is dense
in L?, and the orthogonal projection P, : L2 — H,, is given by

P7L(f)(gl7"'7gn) = /Q f(glw"vgnah)dﬁ(h)'

Now fix a measurable set E C Q with T-'E = E. Then 1lpoT = 1g. Let
fn = P.(1g). Then, since U,, H,, is dense in L2, we have f,, — 1p in L2,
Since 1z oT = 1 we have

Fulgr o gn) = / 1591, gn, h)dB(h) = /Q 1502 - gns W)AB(h)

Q

— [ 16, g 0B = -+ = [ Le(b)ds(h) = B(E)
Q

Q

almost everywhere. Since f, — 1z in L? we then have 15z = B(E) almost every-
where. Hence E has either zero or full measure.
O

4.1. Strong law of large numbers. As a consequence of the ergodicity of the
shift space, we can prove the strong law of large numbers.

Theorem 4.2 (Strong law of large numbers). Let G = (R,+) and let p be a
probability measure on G with [ |z|du(x) < 4oc. If 91,92, ... are independent and
identically distributed with distribution u, then

grt ot gn —>/xd,u(;v)
n R

almost surely.

Proof. Define f : Q) — R by f(g) = ¢g1. Then

/ |fldB = / || dp(x) < +o00.
Q R

So by the ergodicity of the shift map,

1n71 ;
n;foT(g)%/Qfdﬁ
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almost surely. The left hand side is

n—1
LS fori(g =it ton
njzo n

and the right hand side is
/ fdg = / xdu(x). O
Q R

5. KINGMAN’S SUBADDITIVE ERGODIC THEOREM AND APPLICATIONS

To fully exploit the ergodicity of the shift space, we will need a generalization of
the Birkhoff ergodic theorem.

Given a map T : X — X, a sequence of functions f,, : X — R is subadditive
(with respect to T') if

fn+m S fn —i—meTn
for all n,m € N.

Theorem 5.1 (Kingman Ergodic Theorem). Suppose T : (X,\) — (X, ) is er-
godic and {fn} C L'(X, ) is a subadditive sequence. Then

. falz) 1 /fm
nh~>n;o n n}gnoo /\(X) m dA

for almost every x € X.

Remark 5.2. If f € LY(X, ) and f, := 32 f(TVz), then foim = fo + fm o T"
for all n,m € N. Further, since A is T-invariant,

m— m—1
fim 1= , 1 4
—d\=— E J = — E A= .
/ = 2 f(Tz)dA ) f(x)dTI fdA
j=0 7=0
So the Kingman ergodic Theorem implies the Birkhoff ergodic theorem.

Before proving the Kingman ergodic theorem, we will apply it to random prod-
ucts. For the rest of the section let G, u, @ = GY, 8 = u®VN, etc. be as usual.

5.1. Groups acting by isometries. Suppose G acts by isometries on a metric
space (X,d), that is

dx(gl“hgl“z) = dx(961,$2)
forall g € G and z1,z2 € X.

Theorem 5.3. If xp € X and

[ dx(eo,goo)du(g) < +oc.
G
then there exists a number L, > 0, called the linear drift of u, such that

.1
nhﬁrr;o - dx (zo, wnzo) = Ly,

almost surely.

Remark 5.4. If x € X, then |dx(xo, gzo) — dx(z,g2)] < 2dx(zo,x) and so the
choice of x( is immaterial.



RANDOM WALKS ON GROUPS 13

Proof. Define f,, : Q — R by f,.(g

) =
frtm(8) = dx (20, 91"+ GnimTo) < dx (20,91 gnTo) + d(g1 "~ gn0, 91" * Gn+mTo)
= fn(g) + fm(T"g).
Hence {f,} is subadditive. So by Kingman’s subadditive ergodic theorem,

dx (20,91 gnxo). Then

1 1
lim —dx (2o, w,20) = lim —f,(g) =L
n—oo n n—oo n

almost surely where

L:= mf/ —fm(g)dB(g) = 1nf/*dx($079$0)dﬂ*m(g)-

m>1 m>1

5.2. Groups of matrices. Suppose G = SL(d,R) and let
lgll = max{{lgv]| : v € ST}
By the singular value decomposition ||g|| = o1(g) and by definition
lghll < llgll In]l-
Theorem 5.5. Suppose
Glog llgll du(g) < +oo.

The number )
Ap(p) := lim — Glogop(g)du*m(g)

m—o00 M

is called the p'" - Lyapunov exponent of i and satisfies

1 .1
Jim —logop(gi--gn) = Ap(u) = lim —logop(gn - g1)
almost surely.

Remark 5.6. Notice that A\q(u) > -+ > Ag(p).

Proof. We first handle the p = 1 case.

Lemma 5.7. A\y(p) = limy, o0 = [, 10g ||g]| d*™(g) ewists and
lim ~log g1 - gall = M) = lim ~1log|lgn - 1]
n—oo N n—oo N

almost surely.

Proof. Define f, : Q@ = R by f.(g) =log||lg1 - gnl||. Then

fon (@) =10 g1~ G| <108 (llg1 -+ gull g1 - gt )
= fn(g) + fm(Tng)'

Hence {f,} is subadditive. Notice that if g € SL(d,R), then 1 = det(g) = [[ox(9)
and so ||g|]| = 01(g) > 1. Hence f,, > 0. Then, by subadditivity

n—1 ) n—1
oT7 = = .
/Qlfnldﬁéfgjz_:olfl 79|48 /G;Oww n/Glogungu<g><+oo

So {fu} € LY, B).
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So by Kingman’s subadditive ergodic theorem,

.1 1
hm — log ||gl M gn” - hm 7fn(g) = Al
n—oo n

n—o00 N

almost surely where

1 1
A1 = lim f/gf (g)df(g) = lim_ *m/G og [|g[l "™ (g)

m—o00 M

Next define h,, : @ — R by h,(g) =log||gn - - - g1||- By the same reasoning

1
lim —log|lgn--- g1l = M1
n—oo n

almost surely, since

1 o1 wm o\ _
tim - [ ho(@)ds(e) = tim - [ oglal auw () = o 0

m—0o0 M Q m

To obtain the p > 1 case we consider AP RY, the pt" exterior power of R%. Let
7p : SL(d,R) = SL(A? R) be the standard representation given by

Tp(9) (V1 A+ Awp) = (gu1) A=+ A (gup).
If we identify AP R? = RI™A” R by mapping {e;, A---Ae;, 11 <--- <ip} to the
standard basis, then the singular values of 7,(g) are
{oi,(9) - 04,(9) : 1 <y < --- <y < d}.
Hence
o1(1p(9)) = 01(9) -+~ op(9)-
Then, applying Lemma [5.7 to the measure (7,).p on SL(A? RY),

1 o1
Jim —log(oy---0p)(g1-9n) = Ly = lim —log(ar--0p)(gn---g1)
almost surely where

1 .
Ly:= lim — [ log(o1- - 0p)(g)du™™ (g)-

m—o0 M G

Then
1 o1
Jim = logoy(gr--gn) = Ly — Lp—1 = lim —logoy(gn--- 1)

almost surely and L, — L,—1 = A, (u).

6. PROOF OF THE KINGMAN ERGODIC THEOREM

The proof we provide is adapted from [Lall.
We first prove a limiting result for subadditive sequences.

Lemma 6.1. If {a,} C R is subadditive, i.e. anim < an + am for all n,m € N,
then
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Proof. Fix m € N. Then any n € N can be written as n = p,m+r, where p,, € Z>g
and 7, € {0,...,m —1}. Then

O _ Pnlm _ Gr,

n - n n
Since £~ — %, we then have

. a a
limsup — < .

n—oo N m
Since m € N was arbitrary,
lim sup — < 1nf — < lim mf — ([
n—soo N m>1 m n—oo N

In the context of Theorem since T, A = A, the sequence { [ f,dA} is subad-
ditive and hence
lim /&d)\ = inf /f—md)\.
n—oo | n m>1) m

Lemma 6.2. In Theorem it suffices to consider the case when f, <0.

Proof. Given a general {f,}, let

n—1
- Zf1 oTY.
§=0
Since {f,} is subadditive, f, < 0. Further,
n+m—1 n+m—1
fn+fmoTn:fn+fmoTn_ Z floTj > frtm — Z floTj :fn+7w
§=0 i=0

So {fn} is subadditive. )
Assume that Theorem [5.1|is true for { f,}. Then by the Birkhoff ergodic theorem

im &) _ gy S@ L Zf oT'(z) = lim /fm+f1d)\

n—oo n n—o0

for almost every = € X. Since A is T—1nvarlant

= +f1d>\ /fmdA

and so Theorem is true for { fn} O

The rest of the section is devoted to the proof of Theorem So fix a non-
positive subadditive sequence {f,}. We can also scale A so that A\(X) = 1.

Let
c:= inf /fmd)\— lim /f—md)\.
m>1 m— oo m

We will prove that limsup,,_, f”T(x) < c and liminf,
where.

The non-positivity of each f;,, allows us to extend the subadditivity property as
follows.

i ”(x) > ¢ almost every-

Lemma 6.3. If0<j;1 <jo<---<jm<nandl <k <jit1—Ji then
I < [ o T +o ot e o TIm
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Proof. Note
fa < Fjm + Frjp 0TI < fir A+ (o + Frmjim—ton, © TFm) 0 T9m
< fim F frm o Tim,
Now induct. (]
fn(z)

n

Lemma 6.4. limsup,,_, . < ¢ for almost every x € X.

Proof. Fix m € N. Then any n € N can be written as n = p, m+r,, where p,, = {ﬂj

m

and r,, € {0,1,...,m —1}. Apply Lemma[6.3]to 0 <m < 2m < --- < p,m < n to

obtain
Pn

fu(@) <7 (T ).
j=0

Further, for 1 < /¢ <m — 1, we can apply Lemma[6.3]to 0 </ <m+ ¢ <2m+{ <
-o- < (pp — 1)m + £ < n to obtain

pn—1

fn(z) < Z fm(ij_‘—ex)-
=0

Averaging these estimates we have

DPnm

1 .
il J
fulz) < — E [ (T ).
j=0
By the Birkhoff ergodic theorem

Jim — pfffm(zj):/fmd)\
j=0

p—o0 pMm —+ 1
for almost every x € X. Since %‘H =1,

limsupf"T(x) S/%d)\

n—oo
for almost every x € X. Since m € N is arbitrary, the lemma follows. O
Let
F(z) = liminf Jul2) € [—o0,0].
n— 00 n

Lemma 6.5. F is constant almost everywhere.
Proof. By subadditivity and non-positivity,
fn < fl +,fn—1 OTS fn—l oT.

Hence F < FoT. In particular, if B, = {F(z) < ¢}, then T7'E, C E. (if
x € T 'E,, then F(Tz) < ¢ and so F(z) < ¢). However, since \ is T-invariant,
MTE.) = ME.). So M(E.AT~'E.) = 0 and E. has either zero or full measure.
Then

F =inf{c: E. has full measure}

almost everywhere. O

Lemma 6.6. F(z)=liminf, fT(gC) > ¢ for almost every x € X.
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Proof. Suppose not. Since F' is constant almost everywhere, then there exists € > 0
such that the set {z : F(z) < ¢ — €} has full measure. Fix § > 0. Since

F(z) = liminf fnl2) > inf f"(x>,
n—o00 n n>1 n

there exists Ny such that the set
B = {x min M <c—e}

"1<k<N, k
satisfies A(B) > A(X) —d=1—-4.
Claim: an0+N0 (l‘) < (C - 6) E;Livlo 1B(zj)

Fixx € X. Let J:={j:1<j <nNyand T’z € B}. Let j; € J be the
smallest element in J. Then there exists 1 < k; < Ny such that

fr, (T72) < (¢ — €)ky.

Then let jo € J be the smallest element in J greater or equal to than j; + k1. Then
there exists 1 < ky < Ny such that

fro (T722) < (¢ — €)ka.
Repeating this process we find 1 < j; < -+ < 7, < nlNg and kq, ..., k, satisfying
ki < ji+1 — Ji and
T, (T72) < (¢ — €)k;.
By construction
J < Ui di + ki = 1]
i=1

and so |J| < 3" k;. Thus by Lemma [6.3]
Fanotno (@) < fioy (T72) 4 -+ fi, (T72) < (¢ =€) Y ki < (¢ =) |J]|
i=1

(recall that ¢ — e < 0). Thus the claim is proven.
Now if we integrate both sides of the claim we obtain

N%)n / FaNo+No (2)dXN < (¢ — e)A(B) < (¢ —€)(1 = 9).

Then
. 1
c= nh—>H;o N / FaNo+nNy (@)dA < (¢ —€)(1 = 9).
Since § > 0 was arbitrary, we have a contradiction. [

7. STATIONARY MEASURES

Let G, i, Q@ = G, B8 = u®N, etc. be as usual. In this section we consider the
situation where G acts continuously on a compact metrizable space Y, i.e. the map

(,9) EGXxY —»gyeY

is continuous. We will introduce stationary measures on Y, which will play an
important role in these lecture notes.
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Given a probability measure v on Y we can obtain a new probability measure
w* v, called the convolution of u and v, by averaging using u:

prv= / givdp(g).
G

Notice that for a measurable set A C Y,

pxv(A) = /GV(g‘lA)du(g)

and for an integrable function

[ fdv) = /G /Y F(gy)dv(y)du(g).

Remark 7.1. G acts on G on the left and in this case, p * p coincides with the
definition above.

We also observe that the convolution is the push-forward of the product measure
pu®von G xY under the action of the group.

Observation 7.2. If p : GXY — Y is the map p(g, ) = g-x, then pxv = p, (uQV).
Proof. If A C Y is Borel measurable, then
pHA) ={(g,y) :y g ' A}.
So
p(u V(A = ne v (W) = [ v Aduls) = e v(4).

We are interested in measures that are invariant under convolution with .
Definition 7.3. A probability measure v on Y is called stationary if uxv = v.

We can think about y inducing a “random group action on Y”: one acts by an
element g with probability given by u. Then a stationary measure is a measure
which is invariant under this “random group action.”

The next result shows that stationary measures always exist.

Observation 7.4. Suppose yo € Y and d,, is the Dirac mass centered at y. Let

n—1
1
N *k
Vn = E P Gy
k=0

Then any weak-+ limit point of {v,,} is a stationary measure.

Proof. Suppose v,,; — v is the weak-* topology. Then, pxv,, — p*v in the weak-*
topology (check!). Hence

n;j—1
. . 1 S *k
M*V—jlir&u*ynj—jlir&mp*<2u *5y0>

k=0
1 & 1 1
= lim — ok Gy = i o — by + — %6
i s Dk = vy = b+
=v—-0+40
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Observation [7.4] says that stationary measures always exist and when there is a
unique stationary measure the Observation gives us the following.

Observation 7.5. If there is a unique stationary measure v, then
n—1

. 1
nlgr;o - I;Pr(wk ~yo € A) = v(A)
for any yo € Y and Borel subset A C Y.

Proof. Let vy, be as in Observation 7.4l Since v is the only stationary measure, we
must have v,, — v. Further,

(1 <80 = [ 83 (A" (0) = [ By (4145 = Pr(un o € 4)
and so the result follows. O

8. ERGODIC STATIONARY MEASURES

Let G, u, Q = GN, g = u®N, etc. be as usual. Also, assume that G acts
continuously on a compact metrizable space Y. In this section we introduce and
study ergodic stationary measures.

Definition 8.1. A stationary measure v is ergodic if it is an extreme point of the
set of stationary measures, i.e. if v =ty + (1 —t)vp where 0 < ¢t < 1 and vy, vy are
stationary measures, then v = vy = vs.

Remark 8.2. Let £,(Y) denote the space of ergodic stationary measures. It follows
from a theorem in functional analysis (Choquet’s theorem), that for any stationary
measure vy there exists a probability measure X on &,(Y") such that

vy = / vd\(v)
SIL (Y)

(informally v is a convex combination of elements in £, (Y")). So ergodic stationary
measures always exist and one can often reduce to the case of an ergodic stationary
measure.

In this section we will establish several characterizations of ergodicity.

8.1. An operator: Given a stationary measure v define P, : L'(Y,v) — L'(Y,v)

by
= / fgy)du(g)
G

Observation 8.3. P, is well-defined on L'(Y,v) and ||P,|| = 1.
Proof. If f € L'(Y,v), then

s = [ Al = [ 151dtes) = [ [ 1#tanlauta)ants

and hence [, |f(gy)|du(g) < +oo for v-almost every y. So P,(f)(y) is defined
v-almost everywhere. Also

anUf/w Nav= [

zﬂy‘w //umuw Y(y) = |l -
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Thus P, : L'(Y,v) — L*(Y,p) and also ||P,| < 1. The above calculation also
shows that || P, f|/;. = ||fl|;1 when f >0 and so ||P,| = 1.
(]

8.2. A dynamical system. Recall that T': 2 — Q is defined by

T(91,92,98,---) = (92,93, - -)-
Define §: Q x Y — Q x Y by

S(ga y) = (T(g)agly) = ((927937 ce )7gly)'

Observation 8.4. If v is a stationary measure, then the measure § ® v is S-
invariant.

Proof. Tt suffices to consider sets of the form A x B. Notice that
STHAxB)={(gy):geT '(A), ycg; B}

and so

Bov(S™HAx B)) = /

T-1(

" v(gy B)dﬂ:/A/GV(gf B)du(g1)dp

— [wenBras = [ viBras =50 vaxB). O
A A

8.3. Characterizations of Ergodicity. The following proof comes from [Fur(2]
Theorem 3.1], which itself comes from a book by Kifer [Kif86, p.19-20]. It is a
special case of what is sometimes called the “Random Ergodic Theorem.”

Proposition 8.5. If v is a stationary measure, then the following are equivalent:
(1) v is ergodic.
(2) S is ergodic with respect to & v.
(3) Every measurable subset A C'Y for which v(AAg=tA) = 0 for p-almost
every g € G either has full or zero v-measure.
(4) Every f € LY(X,v) for which P,f = f v-almost everywhere is constant
v-almost everywhere.

Proof. (2) = (1). We prove the contrapositive: if v is not ergodic, then S is not
ergodic with respect to Y. Since v is not ergodic, v = tvy+(1—t)vy where 0 < t < 1
and vy, vy are distinct stationary measures. Then S @ v =tfQuv; + (1 — )8 @ vy
and each g ®v; is S-invariant by Observation So S is not ergodic with respect
to 8 ® v, see Proposition [2.6

(1) = (3). Suppose for a contradiction that v(AAg=tA) = 0 for p-almost
every g € G and v(A),v(A°) are both positive. Then vy := ﬁy(A N-) and
vy 1= ﬁV(AC N -) are both stationary measures (check!) and

v=v(Av +v(A%Yrve = v(A)v1 + (1 — v(A))ve.

So we have a contradiction.
(3) = (4). Suppose f € L'(X,v) and P, f = f v-almost everywhere. Then

|f‘:‘Puf|§Pu‘f|

v-almost everywhere. So

[ palat=1fildr = [ Pulsi =11 =0
Y Y



RANDOM WALKS ON GROUPS 21

[ nistar=[ [ \fogdutorir = [ 1f1atusw) = [ 1110

Hence P, |f| = |f| v-almost everywhere.

Let f+ := f+2|f| = max{f,0}. Then P,f* = f* v-almost everywhere. Let
E:={y: f(y) > 0}. Then if y € E, we have

Puf™(y) = f"(y) = fly) = Puf(y)
which implies that v(EAg~'E) = 0 for p-almost every g € G. Thus E either has
full or zero v-measure.

Applying the same argument to f — ¢ we see that for any ¢ € R the set E. :=
{y : f(y) > c} either has full or zero v-measure. Hence

f=sup{c:v(E.) =1}

since

v-almost everywhere.

(4) = (2). Suppose E C Q x Y is S-invariant. Then 15 0S = 1g. Since S @ v
is a probability measure, then 15 € L? = L?(Q2 x Y, BY).

For n = 0,1,... let #,, C L? be the subspace of functions which only depend
on gi,...,gn and y. Then each H,, is a closed linear subspace and UH,, is dense
in L?. Further, the orthogonal projection P, : L? — H,, is given by

(/) (g.y) = / F(g1. - gn b y)dB(R).

Let f, := P,(1g), which we view as a function on G™ x Y. Since UH,, is dense,
fn = 1g in L?. Further, since 1z o S = 1, we have

fn(yu-n,gmy)=/QlE(gh---,gn,h,y)dﬁ(h)=/Q1E(92,---7gn,h,g1y)dﬁ(h)

= fnfl(g% e 7gnvgly)'

Repeating we see that fr,(g1,-..,9n,y) = fo(gn - g19).
Further,

foly) = /Q 15(h, y)dB(h) = /Q /G L (hy, 1 y)dps(h )AB(R) = /G £ (b, w)du(h)
= /Gfo(hly)dﬂ(hl) = P, fo(y).

So by assumption f is constant v-almost everywhere (note fy is bounded and hence
in LY(Y,v)). Thus each f,, is constant u®™ @ v-almost everywhere. Since f, — 1g
in L2, then we see that 15 is constant 8® v-almost everywhere. Hence F has either
zero or full measure. Thus S is ergodic with respect to f ® v.

|

9. LIMIT MEASURES

In this section we prove that a stationary measure disintegrates into a collec-
tion of “limit measures” obtained by applying the random walk to the stationary
measure. Our exposition follows [BQI16L Section 2.5]. Similar arguments appear
in [Lal23l Lemma 11.4.8].

Let G, u, Q = GN, B = u®N, etc. be as usual. Also, assume that G acts
continuously on a compact metrizable space Y.
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Let P(Y) denote the space of Borel probability measures on Y endowed with
the weak-* topology.

Theorem 9.1. If v is a stationary measure, then there exists a Borel map g €
Q= vg € P(Y) such that for B-almost every g = (g1, 92,...) one has

(91 gn)sv = vg.

Moreover,
v= [ vedste).
To prove the theorem we need to recall a result from probability theory.

9.1. Doob’s martingale convergence theorem. We start by recalling the def-
inition of a martingale.

Definition 9.2. Suppose (X, A4, ) is a probability space.
e A filtration of (X, A, \) is an increasing sequence of sigma-subalgebras A4y C
A Cc Ay C --- in A.
e A sequence {f,} in LI(X, A, \) is adapted to a filtration {A,} if each f,, is
Ap-measurable, i.e. f,1(A) € A, for any Borel subset 4 C R.
e An adapted sequence {f,} is a martingale (with respect to {A,}) if

/ Fopmd) = / Fnd

for all A € A,, and m,n > 0.

Example 9.3. Consider [0,1]¢ with the Lebesgue measure. Let A, be the sigma
algebra generated by cubes of the form

d
pi pitl
H 27’ on .
i=1

Then {A,} is a filtration. Given f € L' we can define a martingale {f, } where f,
is constant on each cube of the form [] [g—jb, p;‘l] and equals the average value of
f on this cube. Further, by the Lebesgue differentiation theorem f, converges to
f almost everywhere.

Theorem 9.4 (Doob’s martingale convergence theorem). Suppose (X, A,\) is a
probability space, { Ay} is a filtration, and { f,.} is a martingale. If sup,>¢ || fall 1 <
+00, then there exists f € L' such that f,(x) — f(x) almost everywhere.

We will only use the theorem when we have the stronger assumption that
Sup,, > | full g < 400 and so we will just prove the theorem in the special case
when sup,,~¢ || fnll 2 < 400 (following the proof in [BQ16, Appendix A.2]).

Lemma 9.5. If {f,} is a martingale and € > 0,

1
(L =) <2 f1sim

Proof. Note that A := {sup;<j<, [fx| > €} = Uj_, A where
Ay = {‘f1| < 6;-~~a|fk—1| <§¢ |fk| 2 6}'
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Notice that Ay € Ay, (since each f,, is A,-measurable). Further, A, := A, N{fi <
0} and A} := A, N {fi > 0} are also in Ay and so when n > k,

/Ak|fkd>\/A"_’fkd)\/A_,fkd)\/A‘*’fnd)\/A—fnd)\S/Ak|fn|d)\'

So
" 1< 1< 1
AA) =) AMAx) < - | fr] dX < = [fuldN < = [ |faldX. O
o=y [ inas iy [ isias;

k=1

Proof of Theorem in the L? case. Since each f,, can be approximated by finite
sums of the form Y ¢;14, with 4; € A,,, we have

/hmw:/mﬁ

when n > m. Thus when n > m

0< / (o — ) ?d\ = / f2d)— / 20 = [ full e — ol e

So the sequence {|| fn||;2} is non-decreasing and hence converges (being bounded).
Then the above formula implies that {f,} is a Cauchy sequence in L2. Hence
fn — fin L2, Since A\(X) = 1, we also have f,, — f in L'. Notice that for each
m > 1 the sequence {f,, — fm }n>m is a martingale, so using the lemma and taking

a limit
1
A ({sgp |fn— fm| > 6}) < g/lf— Jm|dX

for all m > 1. Thus f,,(z) — f(z) on the full measure set

fﬁ [j {suplfn——ﬁn|<]/k}. 0

k=1m=1 \n=m
9.2. Proof of Theorem We are now ready to prove Theorem [0.1] which we

restate here.

Theorem. With the usual notation, if v is a stationary measure, then there exists
a Borel map g € Q — vg € P(Y) such that for B-almost every g = (g1, g2, ...) one
has

(W)« = (g1~ gn)sV — Vg.

Moreover,
v= / vgdfB(g).
Proof. Let F,, be the sigma-algebra generated by cylinders of the form
Ay x - x A, x GN.

Then {F,} is a filtration and f : Q@ — R is F,-measurable if and only if f only
depends on g1, ..., gn-
Given ¢ € C(Y), define p,(p) : 2 = R by

onl0)(E) = /Y (g1 gu)er = /Y (g1~ g (y).
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Notice that p, () is F,-measurable. Further, if A = A; x --- A,, x GN € F,,, then

/A pnim(9)(8)dB(g) = /A /Y (01 Gormy)d(y)dB(g)
- / / / (g - gn - hy)d™™ (h)dw (y)dB(g)
AJY JG

- / / (g - gny)d (5™ 1) (4)dB(2)

= [ [ etor-amitiase) = [ p(oeise)

Hence {p,(p)} is a martingale. Since sup,~ ||pn(¢)|l; < 400, there exists p(p) €
L' such that p,(¢) — p(¢) almost everywhere.

Now fix a countable dense subset D C C(Y). By the above, there exists a full
measure subset ' such that p,(p)(g) — p(¢)(g) for all p € D and all g € .

We claim that

lim (g1 gu)ov

n—oo
exists in P(Y) for all g € Q. Fix g € . If X is a limit point of {(g1 - gn)sV},
then

[ oar=tim [ g, = lim pae)e) = ple)e)
Y Y

for all ¢ € D. Since D C C(Y) is dense, there is only one limit point. Thus

limy, 5 00(g1 + - gn )+ V €xists.
Then

b lim, oo(g1 - - gn)sv ifgeQ
S if g ¢ Q

defines a Borel map Q2 — P(Y') with the desired property.
Next we show that v = [1gdfS(g). Fix ¢ € C(Y). Since v is stationary,

/sodV—// “gny)dB(g)d ()=/Q[/Ys0d(gl~~gn)w} dp(g).

Then the dominated convergence theorem implies that

/Ywdl/=/ﬂ [/Y s@dvg] dp(g).

So v = [vgdB(g)
(I

9.3. A technical extension. We will need the following technical extension of
Theorem

Corollary 9.6. Suppose v is a stationary measure and g € Q0+ vg € P(Y) is the
Borel map in Theorem , For every m € N, for p*™ ® B-almost every (h,g) one
has

(g1~ gnh)sv — vg.

Proof. Tt suffices to fix ¢ € C(Y) and show that for p*™ ® S-almost every (h,g)

one has
/gpd(gl coegnh)sr — /cpdyg.
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Indeed, if the above is true, then fix a countable dense subset D C C(Y’). Then for
for p*™ ® B-almost every (h,g) one has

/ gd(gy-- - guh)ov — / vy

for all ¢ € D. For such (h,g) one then has that

/ (g1 - guh)ev — / v,

for all ¢ € C(Y) by approximation.
So fix ¢ € C(Y). Define f,, f?:Q — R by

fn(g) = /wd(gl---gn)*l/= /w(gr--gny)dl/(y)
and
£1e) = [ edion-+gabyor = [ ol guw)iviy).
By Theorem fn(8) — [ dvg for B-almost every g. So it suffices to show that
fn(g) — fi(g) — 0 for p'™ @ B-almost every (h,g).

To simplify computations let ®(g) = [ ¢(gy)dv(y). Notice that since v is sta-
tionary,

/ B(gh)du™™ (k) = B(g).
G

Then, computing we have

- / / (fule) - F1(2))2d(u™ @ B)(h.g)

= [ 007 = 20001001 gu) + B g @ ) )
= /Q (gl ) - 2(I)( n)2 + (I)(gl e 'gn+m) dﬁ( ) = m+n —Jn
where Jj, := [, ®(g)2dp**(g). Since each I,, is positive and
N+m
n=N+1

we see that ) I, < 4o00.
Thus for p*™ @ S-almost every (h, g),

> (falg) = f1(8))* < +o0,

n

which implies that f,,(g) — f(g) — 0
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Part 2. Linear groups
10. STATEMENT OF RESULTS
Let G = SL(d,R) and let u be a probability measure on SL(d,R). As usual, let
Q=G and g = pu®N.
Recall that when [log||g|| di(g) < +oo, the limits
o1 .1
M) = Tim_ ~10g (g1 gn) = lim —1ogay(ga -+ 1)

n—o00 N

exist for S-almost every g € Q2 and that the numbers

A(p) =+ > Xa(p)
are called the Lyapunov exponents of .
Define ky,, ¢, : Q@ — SO(d) and a,, : Q — {diagonal matrices} so that
g1+ gn = kn(8)an(g)ln(g)
is a singular value decomposition.
The goal of this part of the notes is to prove the following.
Theorem 10.1 (CGol’dsheid-Margulis [CM89]). If

o [logllgll du(g) < +oo,
e the group generated by supp(u) is Zariski dense in SL(d,R),
then
Ar(p) > Aa(p) > - > Aalp).
Moreover, the limit
exists in SO(d)/ M for B-almost every g € Q.

10.1. Metric space interpretation. Associated to SL(d,R) is a special metric
space. Let X = SL(d,R)/ K where K = SO(d) and define a distance on X by

d
dx (91K, g2 K) = Z[logaj(9f192)]2~

j=1
Since o (ki1gks) = 0;(g) for all ki, ks € K, this is well defined. Further, SL(d,R)
acts by isometries:
dx(9-91K,g-92K) = dx (g1 K, g2 K).
Now
logoj(g1 -+ gn) = Aj(u)n

and so the linear drift is given by

dx (K, g1~ gn K)

lim =
n— 00 n

One can show that X is a manifold and the distance dx is induced by a Rie-
mannian metric g. Further the tangent space at K can be identified with

pi={A€ My(R):trA =0, A" = A}

in such a way that
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d
o [lAlly = 1/225=1 05 (A)?
e The Riemannian exponential map at K is a diffemorphism given by
epr(A) = eA Ka

A

where e is the matrix exponential.

This gives “polar coordinates” on X where
1All, = dx (K, e K)

is the radial component of e K and

A
1Al

is the angular component e K.
Now if g = kal, then

g K="FkaK=FkaktK = eklog(a)kt K
and klog(a)k! € p. Using this, one can show that if g; - - - g, = e»® K| then
A
i Aale)
n— o0 HAn(g)”g

converges almost surely. This means that “angular component” of the random walk
converges almost surely.

10.2. Ideas in the proof. We now briefly discuss some of the main ideas.

Idea #1: We will fix a stationary measure on real projective space and then
show that every limit measure is a Dirac mass. This will imply that

lim op(g1-- - gn)

= 400
n—00 0p11(91 " gn)

almost surely and that

lim k,(g)M

n—0o0

exists almost surely.

Idea #2: To prove that A,(p) > Apy1(p) we need to show that log %
converges to infinity with a linear lower bound. We accomplish this by using a trick
from ergodic theory: if the Birkhoff sums diverge, then they diverge linearly (see
Proposition for a precise statement). This requires developing a dynamical

system that we can apply the Birkhoff ergodic theorem to.

Idea #3: In the proof we will study A;(u) and then use the wedge representa-
tions to obtain information about A,(x) when p > 1. To make this work, we will
need to assume a weaker condition than Zariski density, which we introduce in the
next two sections.
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11. PROJECTIVE SPACES AND LIMITS OF TRANSFORMATIONS

In the proof we will study stationary measures on real projective space. Recall
that real projective space is the quotient

P(RY) = (R —{0})/ ~

where v ~ w if and only if v = tw for some t € R. Geometrically, P(R?)
parametrizes the set of one-dimensional linear subspaces in R? (i.e. lines through
the orgin).

Projective space with the quotient topology is a compact space and [v,] — [v] if
and only if there are lifts ©,,,7 € R* —{0} where @&, — 9. We use [v1 : -+ : v4] to
denote the equivalence class of (v1,...,vq). We also let dp denote the angle metric
on P(R%):

dp([v], [w]) = Z(R v, R -w).
Notice that GL(d,R) acts continuously via the natural action
g - [v] = [gv].
More generally, given T' € End(]Rd) we also let T denote the continuous map
[v] € P(RY) \ P(ker T) — T[v] = [Tv] € P(RY).
To study stationary measures on P(Rd)7 it will be helpful to understand how
sequences of elements in GL(d,R) act on P(R?).
Example 11.1. As a simple example, consider g, = diag(2",1,27"). Then
gnlv1 : v2 vg] = [2"01 v 1 27 M)
So
[1:0:0] ifv;#0
lgm gnlv1:vaiv3] =< [0:1:0] ifvy =0,v2#0
[001] ifU1=U2=O,’Ug7éO
For the general case, we exploit two observations
(1) The actions of g and of H;%H on P(R?) are the same.
(2) The set {T: ||T|| <1} is compact in End(R%).

So given a sequence {g,} C GL(d,R) we can pass to a subsequence so that Ing

[l |

converges to an element of End(R%).
Observation 11.2. If T,, — T in End(R?), then
T, [v] = T[v]

for all [v] € P(R?)~P(ker T'). Moreover, the convergence is uniform on any compact
subset of P(R?) \ P(ker T).

Remark 11.3. In Example ”g—:H = 2= converges to T' = diag(1,0,0), which
has ker T' = (eq, e3) and imageT = [e1]. So

gnlv] = T[]
for all [v] € P(RY) \ P(ker T), is equivalent to g, [v1 : va : v3] — [1: 0 : 0] whenever
(%1 7é 0.
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Proof. Fix a compact set K C P(R?) \. P(ker T'). Suppose for a contradiction that
the convergence is not uniform on K. Then we can find € > 0, n; — oo, and
{[vn,]} C K such that

dp(T; [vn,], Tvn,]) > €.

By scaling we can assume that anj || = 1 for all j and then passing to a subsequence
we can suppose that v,; — v. Then [v] € K and so v ¢ ker T". Then T,,,v,; — T

in R? —{0} and so
T, [vn,] = [Tn,vn,] = [Tv] = T[v].
However, we also have T'v,,; — Tv and so T'[v,;] — T'[v]. Then

dp(Tn; [Vn, ], Tvn,]) = dp(T'v], T[v]) = 0

J

and we have a contradiction. O

We extend the previous observation to convergence of measures.

Observation 11.4. Suppose v is a probability measure on ]P’(Rd). IfT, - Tin
End(R?) and v(P(ker T)) = 0, then
(T)) v — Tyv.

Remark 11.5. The assumption v(P(kerT)) = 0 is necessary. For instance if T}, =
diag(1,27",27"), then T' = diag(1,0,0). So (T3)«0[ey] = I[ey], Dt Tid[e,) = 0.

Proof. Fix a continuous function ¢ : R(R?) — R. Then fix € > 0. Since v(P(ker T')) =
0, there exists an open neighborhood U of P(ker T') with v(U) < T For n suf-

ficiently large P(kerT,) C U and ¢ o T}, — ¢ o T uniformly on K := P(R%) \ U.
So

lim sup / wd(Ty,)«v = lim sup/ poT,dv <e+lim sup/ poT,dv
n—oo  JP(RY)\P(ker T},) n—oo JK

n— oo
:g+/goon1/§26+/ gaonV:QEJr/godT*l/
K P(R4)\P(ker T")

and likewise

liminf/god(Tn)*u > —26+/(pdT*V.

n— oo

Since € > 0 was arbitrary, [ od(T,).v — [ @dT.v.
O

11.1. The singular value decomposition and limits in End(Rd). We have the
following relationship between singular value decompositions and limits in End(Rd).

Proposition 11.6. Suppose {g,} C SL(d,R) and ”Z—” — T in End(R%). For each

nll

n fix a singular value decomposition g, = knanl,. Then

rank 7" = max {p : lim M > 0} ,
n— oo Ul(gTL)
imageT = lim k, (€1,...,€rankT) ,
n—oo

: -1
kerT = lm £, (erankT+1;---»€d) -
n—roo
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Proof. By continuity of the singular values, we have

Jp(gn) . Up(gn) -0 gn o
rgn) ~ lanll P<||gn>% o

and so

. 0p(gn)
rank T = max {p:0,(T) >0 :max{p: lim p>0}.
{ p( ) } n=oo 0y (gn)
To show that k, (e1, ..., erankT) converges to imageT, it suffices to show that
any convergent subsequence converges to imageT. So fix ko, (€1, €rankT) —

Ve GrrankT(Rd). Passing to a subsequence we can assume k,; — k and Enj — /.
Then

T = lim 9% fi POl
=% |lgn, || i=ee lgn, |

where o’ = diag(1,02(T),...,04(T)). Since o (T) > 0 if and only if & < r, we have

imageT =k {e1,...,erankT) = V.
Thus ky, (e1,. .., erankT) — k{€1, ..., CrankT) = image T
The proof that ker T' = lim,, o0 £, ' (€rank 741, - - -, €4) 1S very similar.

12. PROXIMAL AND STRONGLY IRREDUCIBLE SEMIGROUPS

In this section we introduce two important assumptions. In the proofs that
follow, we will consider the semigroup generated by the support of our probability
measure. Recall, that a subset H of a group G is a semigroup if

hi,ho € H = hihy € H.

12.1. Proximal semigroups. A semigroup H C SL(d,R) is prozimal if there
exists {h,} C H such that
h

_n_ — T
[[Fon |

and rank T = 1.

12.2. Strongly irreducible (semi)groups. We first define irreducible and strongly
irreducible subgroups, then extend the definition to semigroups.

A subgroup H C SL(d,R) is érreducible if there are no proper H-invariant linear
subspaces, i.e. the only H-invariant linear subspaces are {0} and RY. A subgroup
H C SL(d,R) is strongly irreducible if every finite index subgroup of H is irreducible.

We want to generalize these notions to semigroups, but “finite index” does not
extend well to semigroups. Instead we use the following characterization of strong
irreducibility.

Observation 12.1. A subgroup H C SL(d,R) is strongly irreducible if and only if
there are no finite union of proper linear subspaces which are invariant under H.

Proof. We prove that the negations are equivalent.

Suppose H is not strongly irreducible. Then there exist a finite index subgroup
Hy C H and a proper Hy-invariant linear subspace V. Let {h1Ho, ..., hpmHo} be a
set of coset representatives. Then Uh;V is a finite union of proper linear subspaces
which is invariant under H.
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Suppose UV is a finite union of proper linear subspaces which is invariant under
H. Then H permutes the V; and so there exists a finite index subgroup Hy where
each V; is Hy-invariant. [l

Definition 12.2. A semigroup H C SL(d,R) is irreducible if there are no proper
H-invariant linear subspaces and strongly irreducible if there are no finite union of
proper linear subspaces which are invariant under H.

12.3. Zariski closures. We will use the following result from the theory of alge-
braic groups.

Theorem 12.3 (Gol’dsheid Margulis [GMS89]). Suppose H C SL(d,R) is a semi-
group. If the group generated by H is Zariski dense, then H is strongly irreducible
and prorimal.

Proof. We only prove that H is strongly irreducible. For the proximaility, see [BQ16],
Chapter 6].

Suppose for a contradiction that V = UJL,V; is a finite collection of proper linear
subspaces which are invariant under H. We can assume that each V; has dimension
T.

Then hV =V for all h € H which implies that V = b=V for all h € H. Thus
gV =V for all g € (H), the group generated by H.

For each Vj, fix a basis bj1,...,b;, and a set of linear functions f;1,..., fj.a—r
such that

d—r
() ker fix = V.
k=1

Then gV; = Vj; if and only if P, ;(g) = Zk’é fik(gbig)? =0. Let P = Hj Py ;. Then
P|(gy = 0 which implies that P|s qr) = 0 (by Zariski density). Then for every
g € SL(d,R), we have

gV € {Vl, ey Vm}
But this is clearly impossible since SL(d,R) acts transitively on the space of all
r-dimensional linear spaces. (I

13. STATIONARY MEASURES ON PROJECTIVE SPACE

Let G = SL(d,R) and let u be a probability measure on SL(d,R). As usual, let
Q=GN and g = pu®N.
Let I', be the semigroup generated by supp(u), i.e.

r,= supp(u)™.

1

A

Theorem 13.1. If I, is strongly irreducible and proximal, then:

(1) There is a unique stationary measure v on P(R?).

(2) If V.C R? is a proper linear subspace, then v(P(V)) = 0.

(8) There exist a Borel map ¢ : Q@ — P(R?) such that v = (.8 and for almost
every g € )
(a) the limit measure vg is a Dirac mass centered at ((g).
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(b) every limit point of
gl .. .gn
g1+ gnl

in End(RY) has rank one and image ((g).
As a corollary to (3) we have the following.
Corollary 13.2. For almost every g € Q,

i o1(g1-- - gn)
m ——-r
n—00 02(91 e 'gn)

and if g1+ gn = knanly is a singular value decomposition then

:+oo

T Fafer] = C(g)

Proof. Recall from Proposition that if HZ”H — T in End(R?), then

hy
rank T = max{p : lim Ip(hn) > 0} ,
n— oo Ul(hn)

imageT = nl;rrgo kn{e1,...,€rankT)

where h, = kj,a,{, is a singular value decomposition. So the corollary follows
immediately from Theorem [I3.1] (3). O

Lemma 13.3. Ifv is a stationary measure and V C R is a proper linear subspace,
then v(P(V)) = 0.

Proof. Suppose not. Let r be the minimal dimension where there exists a r dimen-
sional linear space linear subspace V' C R? such that v(P(V)) > 0. Then
v(P(Vi)NP(V,)) =0

whenever Vi, Vs are distinct and both have dimension r. So if {V;} is a collection
of distinct r dimensional linear subspaces, then

(1) Y vV =v | JPWV) | <L
J J
Let ¢ := supgj, v—, V(P(V)). By Equation there are only finitely many
subspaces with measure at least ¢/2. Hence V :={V : dimV = r, v(P(V)) = ¢} is
non-empty and finite.
Claim: If V € V and g € supp(p), then g7V € V.

Suppose v(P(V)) = ¢. Then

c=v(B(V)) = () (P(V)) = [

v(P(g'V))dp(g) < / cdp(g) = c.
G

G

Thus g~V € V for g in a full g-measure set A C G. If g € supp(u), then there
exists (gn) C A with g, — g. Then

¢~V = lim g;lV.
n—oo

Since {g,;*V} C V and V is finite, the sequence eventually stabilizes. Hence g~V €
V. Thus the claim is established.
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Now g~V C V for all g € T',,, which implies that g~V = V since V is finite.
Thus V = gV for all g € I',. But by assumption I',, is strongly irreducible and so
we have a contradiction. (]

Lemma 13.4. If v is a stationary measure, then there exists a Borel map ¢ : ) —
P(RY) such that for B-almost every g € Q

(1) the limit measure vg is a Dirac mass centered at ((g).
(2) every limit point of
91" Gn
g1+ gnl
in End(R?) has image ((g).
Proof. By Lemma and Observation if T, — T in End(R%) and T # 0,
then

(2) (Th)«v — Tyv.
By Corollary for every m € Zxq, for p*™ @ S-almost every (h, g) one has
(g1 gnh)sv — vg.

(here we assume p*Y is the Dirac mass at the identity). Hence, there exists a
full measure set ' C Q such that for every g € ', for every m € Zxo, and for
w*™-almost every h € G we have

(g1~ gnh)sv — vg.

Mgi--gnll
(Th)ww = vg

Fix g € . Let T be a limit point of { Gl } in End(R%). Then

for every m € Z>o and for p*™-almost every h € G. Hence, by Equation ,
(Th)ww = vg
for every h € T',.
Since I',, is proximal, there exists {h,} C I';, where HZ:H — S and rank S = 1.
Since I',, is irreducible, we can pick h € I';, such that himageS ¢ kerT. Then
Thh,, — ThS # 0 and so

(ThS).w = nli_)rr;o(Thhn)*u = lim vg = vg.

n— oo

Since ThS has rank one, vg is a Dirac mass centered at (g) := image(ThS). This
proves part (1).
To prove part (2), it suffices to show that 7" has rank one. Notice that

1 =g (¢(g)) = Tur (¢(g)) = v(T7' (C(g)))-

Now T7'(¢(g)) is contained in the projectivization of a subspace of dimension
1 + dim(ker T') and so Lemma implies that dimkerT = d — 1, i.e. T has rank
one.

O

Lemma 13.5. There is a unique stationary measure v and if ¢ is the map in

Lemma[13.4), then v = (..
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Proof. Suppose v1, vy are two stationary measures. Let (1, : 2 — P(Rd) be the
maps in Lemma Then for j = 1,2 and for S-almost every g € €2 every limit

point of
g1 9n

g1+ gnl
in End(Rd) has image (;(g). Hence {; = (2 B-almost everywhere. Further,

2 :/ /(5C1(g)dﬁ /5C2(g)dﬁ /(Vg)gdﬁ(g) = vy.

Thus there is a unique stationary unique stationary measure v. Further, if ( is
the map in Lemma then

v(A) :/5c<g)(A)dﬁ(g) :/1A(C(g))dﬁ(g) :/14—1A(g)d6(g) = B¢ A) = ¢.B(A).
So v = (.. O

14. FIRST STEPS TOWARDS THE PROOF OF THEOREM [10.1]

Let G = SL(d,R) and let u be a probability measure on SL(d,R). As usual, let
Q=G and g = pu®N.
Using Theorem [I3.] we can prove part of Theorem [10.1]

Theorem 14.1. If
o [logllgll du(g) < +oo,
e the group generated by supp(u) is Zariski dense in SL(d,R),
then
lim 291" gn)
n—0 0p41(91 " gn)
almost surely. Moreover, if g1 - gn = knanly is a singular value decomposition,
then the limit

= +00

lim &, M

n—oo

exist almost surely in SO(d)/ M.

Consider the wedge representation 7, : SL(d,R) — SL(APR?). If we identify

APR? with RY™AEY Gia the standard basis {ei, A=+~ Nei,}, then the singular
values of 7,(g) are

{oi(g)---0i,(g) s in < <iip}.
In particular,

o1(1p(9)) = 01(9) - 0p(9) and  02(7(9)) = o1(9) - - - 7p-1(9)op+1(9)-

So

o1(7p(9)) _ op(9)

o2(1p(9))  optilg)
Further, if g = kal is a singular value decomposition, then 7, (k), 7,(¢) € SO(dim AP RY)
and 7p(a) is diagonal with entries {0y, (g9)---0i,(9) : i1 < --- < ip}. So 7p(g) has

singular value decomposition
Tp(k)Qil[QTp(a)Qil]QTp(f)
where @ = Q(p,g) is a signed permutation matrix which arranges the entries of

Tp(a) is decreasing order (notice that we need the word “signed” so that det @ = 1).
Next we use the following result.
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Theorem 14.2 (Gol’dsheid-Margulis [GMR9]). Suppose S C SL(d,R) and the
group generated by S is Zariski dense in SL(d,R). IfT'g is the semigroup generated
by S, then for k=1,...,d —1 the semigroup 7,(I's) C SL(A*R?) is prozimal and
strongly irreducible.

Proof. One can prove strong irreducibility as we did in the proof of Theorem [12.3
For the proximality, see [BQ16, Chapter 6]. |

So we can apply Corollary to the measure (7,).p. Then almost surely

lim M — lim Ol(TP(gl) T Tp(gn))
n—o00 Up—H(Ql"'Qn) n—o00 JQ(Tp(gl)"‘Tp(gn))

and if g1 - - - gn = knantly is a singular value decomposition

:+Oo

lim kyler A Aep) = CP(g),

n—oo
where ¢? : Q@ — P(APR?) is a Borel map.

Now fix g where kyler A--- Aey] = (P(g) for p=1,...,d — 1. We claim that
lim,, 0 kn M exists. Let u,(g) be a unit vector orthogonal to ¢P~!(g) in ¢P(g).
Then any limit point of kye, is £ux(g). Hence if k(g) € SO(d) is an element with
k(g)ep, = £u,(g), then

lim &, M =k(g)M.

n— oo

15. LINEAR DIVERCENCE OF BIRKHOFF SUMS
To finish the proof of Theorem [10.1) we need to upgrade the divergence
op(g1 - gn)

lim = 400
n—0oo Up+1(gl T gn)
in Theorem [I4.1] to show that
1 .
lim L log 221 00)
n—oon op1(91 - gn)

This will be accomplished by using a trick from ergodic theory: if the Birkhoff sums
for an ergodic system diverge to infinity, then they diverge linearly. We follow the
proof in [BQ16] Section 3.5].

Proposition 15.1. Suppose T : (X, \) — (X, \) is ergodic. Let f € L*(X,\) and
let foi=f+foT+---+ foT" L. Then the following are equivalent:

(1) [ fdx> 0.
(2) limy 00 + fr(z) > 0 for almost everywhere.
(8) limy, o0 fr(x) = +00 almost everywhere,

Proof. By the Birkhoff ergodic theorem, lim,, %fn(x) = ﬁ J fdX almost ev-

erywhere, so (1) < (2). Also, clearly (2) = (3). So it suffices to prove that (3) =
(1).

Suppose for a contradiction that lim, . frn(2) = +oo for almost every x, but
J fax < 0. If [ fd\ < 0, then the Birkhoff ergodic theorem would imply that
lim;, 00 fr(2) = —o0 for almost every x and so we must have f fdh=0.

By assumption there exists N > 0 such that the set

A:={x: fp(z)>1foralln> N}
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has positive measure. Applying the Birkhoff ergodic theorem to f and 14, we can
fix x € X such that

1 1

and
n

1 m 1 M4
n+1m§::01,4(T ) — )\(X)/lAd)\— XX
Let E := {m :T™xz € A}. Then

[Enn] 1 ¢ m A(A)
nt 1 *n+1mZ:OlA(T 2= X

Next fix a maximal subset
{0<my <mg<---}
of E where m;11 > mj; + N for all j =1,2,.... By maximality,

E c | J[mj — N,m; + NJ.
j=1

Hence

[EN[0,m,;]| < (2N + 1)j.
Next notice that
f'fnj (z) = fmj—l(x) + fmj_mj—l(ij_lx) > fqu(x) +1

and so by induction
fm; (@) = (G = 1) + fini (2)

(where fo =0 if m; = 0). Then

fm, (@) |E'N [0, my]| A(A)

. . J .
0= lim ——= > limsup — > lim su = >0
jobe my el my T AN+ 1 et my 2N + DA(X)

and we have a contradiction.

16. AN INTEGRAL FORMULA

In this section we setup the ergodic system and function that we will apply

Proposition [I5.1] to.
Let G = SL(d,R) and let x be a probability measure on SL(d, R) where

/ log |lg]l dis(g) < +oo.
SL(d,R)

Also suppose that the semigroup I', generated by supp(u) is strongly irreducible
and proximal. Then by Theorem [I3.1] there exists a unique stationary measure v
on P(R%).

As usual, let Q@ = GN and 8 = u®N. Then let S : Q x P(R?) — Q x P(R?) be the
extended shift map

S(g, [v]) = (T'g, g1[v]).

Since v is the unique stationary measure, it is ergodic. So Proposition 8.5 implies
that S is ergodic with respect to f ® v.
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Define f : Q x P(RY) — R by
gl

ol

gu
[raeen = [ tog 10 0 @ ) (g, ).
SL(d,R) xP(R%) o]l
Further, the Birkhoff sums satisfy

Zfogj g, [v Zl 1gj+1 - g1v] ~log lgn -~ grv]l

g - - g1l o]l

f(g,[v]) = log

Then

Theorem 16.1.

gu
o= [sapen- [ tog 19 a4 v) g o).
SL(d,R) xP(R4) lloll
Hence, by ergodicity,

.1
lim —log lgn -~ g1v] = Ai(p).
n—oo N
for B ® v-almost every (g, [v]).
Proof. Let
1= [ pipev)
We need to show that I = Aj(u). By the definition of Lyapunov exponents, for
[B-almost every g we have
1 o1
A(p) = lim —logoi(gn -+ g1) = lim —log|lgn---g1]-
n—oo n n—oo n
By the ergodicity of .S, for ﬂ—almost every g we have
llgn - - ~91v||

for v-almost every [v]. Fix g satisfying both almost everywhere conditions.
Fix n; — oo where

log —1TI

Gn; 91 Gn; G
Ul(gnj"'gl) Hgn7ng

in End(R%). By Theorem [13.1} v/(P(kerT)) = 0 and hence we can fix [v] € P(R)
such that [v] ¢ P(kerT') and

— T

gn - - - g1v]|

log ol — 1.
Then
I — lim 710gw — lim *bgHgm' 91H+ 10g Gny 1V
J—roo 1 H ” J—roo My ||gnj "'ng

= M(p) +0- [T)] = A ().
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17. REVERSE PRODUCTS

The Birkhoff sums for the function introduced in the last section involve the
random products g, --- g1 (instead of the usual random products g; ---¢gn). The
next result studies such products.

Suppose p is a probability measure on G' = SL(d,R) where the semigroup I',
generated by supp(p) is strongly irreducible and proximal. Let Q@ = G and 8 =
pu®N be as usual.

Theorem 17.1.

(1) limy,_ o0 % = +oo almost surely.

(2) There exist a Borel map ¢* : Q — Grd_l(Rd) such that for almost every
g € Q every limit point of
In 01
gn -+ all

in End(R?) has kernel ¢*(g).
(3) If [v] € P(RY), then

B{g:ve( (g)}) =0.
(4) If [v] € P(R?Y), then for almost every g € Q we have

tim inf 19100

n=co |[|gn - g1 [|v]|
Proof. Define 7 : SL(d,R) — SL(d,R) by 7(g9) = ¢*. Let pu* := 7p and B¢ =
(p)®N. Then I')e = 7(T).

. t
If {go} C T, and HZ—:” — T where T has rank one, then ”g—t” = (HgTH> — Tt

and T" has rank one. Hence I',¢ is proximal. If V := UV, is a finite union of
subspaces and I',;s -V =V, then I',, - V' = V' where V' := UVt So I, is strongly
irreducible.

Then Theorem has the following consequences:

e For B-almost every h € GV,

lim JLL n)

= 400.
n—oo gg(hy -+ hy)

e There exists a Borel map (p : Q@ — P(Rd) such that for Bi-almost every
h € Q every limit point of
hy---h,
[y -« o |

in End(R%) has rank one and image (o(h).
o vt = ((y).A is the unique stationary measure.

e ! assigns zero mass to every proper projective subspace.

Then for S-almost every g € (2,
i CLOg0)
n—o0 o3(gi -+ gp)
and every limit point of
91 9n
gt~ ghll
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in End(R?) has rank one and image (,(7g), where we abuse notation and also let 7
denote the map

(91,92,--.) € Q> (g1, g5,...) €
Now
0k(gn 1) = 0k((gn - 1)) = orlgl - gb)

and so (1) follows.

Further, if T is a limit point of Hgn:::gill’ then T is a limit point of

n

g1 9 _ (Gn--g1)

lgi--gnll  lgn--- ol
and ker T' = (image T*)*. So (2) follows with (*(g) = (o(7g)*.

To prove (3) and (4), fix [v] € P(RY). Then v € ¢*(g) if and only if (o(rg) C vt.
Then, since v* assigns zero mass to every proper projective subspace,
B{g:ve*(g)}) =B({g: Clrg) Cv'))
= (Gm)Bh) = (C)+B*(vT) = v (vT) = 0.

This proves (3). Now for S-almost every g, we have v ¢ (*(g) and every limit point
of

gn 01
lgn - 1
in End(R%) has kernel ¢*(g). For such g, fix n; — oo such that

L :=liminf 7”971 g1 = lim —Hgn’ L H .
n=o0 [|gn - gill il 5= ||gn, -+ ga| [0l
Passing to a subsequence we can suppose |\Zn;mzl|| — T in End(Rd). Then by
01
assumption v ¢ (*(g) = kerT. Then L = ”:ﬂgf"')‘l > 0. O

18. PROOF OF THEOREM [10.1]
Let G = SL(d,R) and let p be a probability measure on SL(d, R) with

/S o8l dilg) < o

B

As usual, let Q = GN and g = p®N.
Theorem [10.1] is a consequence of Theorem and the following.

Theorem 18.1. If the group generated by supp(p) is Zariski dense in SL(d,R),
then

A1(p) > Aa(p) > - > Aa(p).

Consider the wedge representation 7, : SL(d, R) — SL(A? R?). Then by the proof
of Theorem [T4.]]

(1) o1(7p(9)) = o1(g) -~ 0p(9),

(2) o2(7p(9)) = 01(9) -+ - 0p—1(9)op+1(9),

(3) 7p(T"),) is proximal and strongly irreducible,
(4) )
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Applying Theorem [T7.1] to p, we have

. op(gn-g1)
3 lim —22" 2 = Y
( ) N300 Up+1(gn-~'g1) n—o00 UQ(Tp(gn-..gl))

almost surely and for every [v] € P(A? RY)

W o<t IOl el
noo |7 (gn - go)lH[vll - n=oe au(gn - cg1) - op(gn - g1) [l
almost surely.
By Theorem there is a unique stationary measure v, on P(A? Rd). Further,
by Theorem if f, 1 Q< P(AP Rd) — R is the function
7 (9)

fp(g, [v]) = log W

then
[ 405 @ 1) = M) = 2a) +-+ + Aol
Fixpe{l,...,d —1}. Let
Y :=P(AP7IRY) x P(APR?) x P(APHLRY)

(when p = 1 we take Y = P(R%) x P(A2R?) and modify the proof accordingly).
Then SL(d,R) acts on Y by

g - ([v1], [v2], [vs]) = (mp—1(9)[01], p(9) 2], 711 (9)[v3])-
Define f: Q2 xY — R by

f(g: ([va]; [ve], [vs])) = 2, (8, [v2]) — fp-1(g; [v1]) — fpta(g; [vs])-
Finally, fix an ergodic stationary measure v on Y (which exists by Remark .

Lemma 18.2. [ fd(B®v) = Ap(1) — Apt1 ().

Proof. For i = —1,0,1, let m; : Y — P(APT? Rd) be the natural projection. Then
Tp+i(g) o m; = m; o g for all g € SL(d,R). Then

b (1) = [ 7p1s()s(m)vi(g) = (5. [ guvdlg) = (mi)ov

Hence (m;).v is stationary and thus, by uniqueness, (7;).v = vp4;. Thus

/ fd(B®v) =2 / Fod(B® 1) — / frrd(B® vp_1) — / For1d(B ® vps1)
= () = Apr1(p).
O

Let S: QxY — QxY be the extended shift map S(g,y) = (T'g, g1 - y). Since
v is ergodic, Proposition 8.5 implies that S is ergodic with respect to 5 ® v.

Lemma 18.3. For every y € Y and B-almost every g,
n—1

; J —
Jm 3 o8 g y) = +oo
Jj=
Hence, by Proposition|15.1
0< [ £ ) = Mylh) = Ay 1)
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Proof. Notice that

n—1 2
> o (g.y) = log 7290 - g1)0a] loall esl
= 7 [7p—-1(gn - - g)vill 1Tp+1(gn - g)vsll |lvg)?

So by Equation for every y € Y and almost every g there exists C = C(y,g) > 0
such that

n—1

Z foS(g,y) > —C +log M.
=0 Op+1(gn -+ 91)
Then by Equation for every y € Y and p-almost every g,

n—1

lim Zfon(g,y) = +o0. d
7=0

n—00 4

Part 3. Random Walks on Gromov Hyperbolic Spaces
19. STATEMENT OF RESULTS

In this part we consider random walks on Gromov hyperbolic metric spaces
(defined in Section 20| below).

Suppose X is a Gromov hyperbolic metric space and p is a probability measure on
the isometry group Isom(X). The metric space X admits a natural compactification
X UdgX (defined in Section [20] below) and Isom(X) extends to a continuous action
on this compactification.

A semigroup H C Isom(X) is non-elementary if

(1) There are no H-invariant subsets in dgX with cardinality 1 or 2.
(2) Every (some) orbit of H in X is unbounded.

We can think of (1) as a type of irreducibility assumption and (2) as a type of
proximality assumption.
In this part, we will prove the following results.

Theorem 19.1. Suppose the semigroup generated by supp(p) is non-elementary.
Then:
(1) If o € X, then
lim g1 -+ gn(0)
n—oo
exists and is in OgX for B-almost every g.

(2) There is a unique stationary measure v on OgX and for any measurable
A C 0gX we have

v(4) = B({g: lim g1---gno € A}).

(3) If flsom(X) d(o, go)du(g) < +oo for some (any) o € X, then the linear drift
18 positive.

For more properties of random walks in this context, see Maher—Tiozzo [MT18]
(who prove much more and consider non-proper Gromov hyperbolic spaces).

We will prove the above theorem by adapting our previous arguments for ma-
trix groups. In particular, we will use stationary measures to obtain qualitative
information and then upgrade this using ergodic theory.
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20. GROMOV HYPERBOLIC METRIC SPACES

In this section we recall the definition of a Gromov hyperbolic metric space and
some of their basic properties.
Suppose X is a metric space.

e A geodesic in X is amap ¢ : I — X where I C R is an interval and
d((s),L(t)) =|s—t| Vs, tel.

e X is proper if every bounded set is relatively compact and geodesic if every
two points are joined by a geodesic.

e A geodesic triangle in X is a choice of three points and geodesics joining
them.

e A geodesic triangle T is d-slim if every point on T is contained in the
d-neighborhood of the other two sides.

Definition 20.1. A proper geodesic metric space (X,d) is d-hyperbolic if every
geodesic triangle is d-slim. A metric space is Gromov hyperbolic if it is §-hyperbolic
for some § > 0.

Example 20.2. If d > 2, then R? with the Euclidean metric is not Gromov hy-
perbolic.

Proof. For R > 0, counsider the triangle T with vertices 0, (R,0,...,0), and
(0,R,0,...,0). There exists some ¢ > 0 such that T is not e-slim. Then Ty is
not Re-slim. So R? is not Gromov hyperbolic. O

Example 20.3. If T is a (possibly infinite) tree with the geodesic distance making
every edge isometric to [0, 1], then T is O-hyperbolic.

Proof. Notice that in any geodesic triangle any side is contained in the union of the
other two sides. So T is 0-hyperbolic. O

Example 20.4. The hyperbolic plane with the Poincaré metric is Gromov hyper-

bolic. Recall, that the hyperbolic plane is H® = {z : Im(z) > 0} endowed with the

d:62+dy2
y2

Riemannian metric . Then the distance is given by

_ [ O
p(z1, 22) 713{‘/0, mdt

where the infimum is taken over all piecewise smooth curves + : [a, b] — H? joining
21 to zo.

Proof. The proof requires two facts:

e Geodesics in H? are either vertical lines or half circles which intersect the
real line at right angles,
e Isom(H?) acts transitively on HZ.

For 21,2 € H? let [21, 22] denote the geodesic joining z1 to zs.
Suppose for a contradiction that for every n > 1 there exists a geodesic triangle
with vertices Ty, Yn, 2n and u, € [z,,y,] where

p(una [ynv Zn] U [Zn,an >n.
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Translating by Isom(H?) we can assume that u, = i for all n. Then passing to a
subsequence we can suppose that z,,y,, z, — x,y, 2. Since

lim p(una [yna Zn] U [Zny xn]) = +o0o

n— oo

we must have x,y,z € RU{oco}. The geodesic line joining x and y contains i and
so we must have x # y. Thus either z # x or z # y. By possibly relabelling we can
assume that x # z. Then fix v in the geodesic line joining = to z. Then we can find
Up € [Tn, 2n] With v, — v. Then

400 = li_)m P(Un, [Yn, 2n] U 20, 2n]) < lm p(up, vn) = p(i,v) < +00.

n—00

So we have a contradiction.
O

Theorem 20.5. Suppose I is a finitely generated group. Then either every Cay-
ley graph of T is Gromov hyperbolic or every Cayley graph of I' is not Gromov
hyperbolic.

Definition 20.6. A finitely generated group is word hyperbolic if its Cayley graphs
are Gromov hyperbolic.

Example 20.7. A non-abelian free group is word hyperbolic.

Example 20.8. The fundamental group of a closed Riemannian manifold with
negative sectional curvature is word hyperbolic (e.g. a surface with genus at least
two).

20.1. The Gromov boundary. In this section we describe a compactification of
a Gromov hyperbolic metric space X.
Definition 20.9.
(1) Two geodesic rays £1,{3 : [0,00) — X are equivalent if there exists R > 0
such that
d(€1(t),62(t)) <R forall ¢>0.

(2) The Gromov boundary denoted by JgX is the set of equivalence classes of
geodesic rays £ : [0,00) — X.

One can show that dg X naturally compactifies X.

Theorem 20.10. The set X7 = xu 0gX has a natural topology which makes it
a compactification of X, that is: Yg is a compact metrizable space, the inclusion
map X — X is a homeomorphism onto its image, and X is open dense in yg.

For a proof see [BH99, Part III, Chapter H, Section 3].

Remark 20.11. The proof of the theorem is somewhat technical, but convergence
in the topology is easy to describe. First notice that by the Arzeld—Ascoli theorem,
if {¢,} is a sequence of geodesics with {£,(0)} bounded, then {¢,} is relatively
compact in the topology of local uniform convergence and any limit point is a
geodesic.
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e A sequence {z,} C X converges to £ € 9gX if and only if whenever
£y, : [0,b,] = X are geodesics with {£,,(0)} bounded and ¢, (b,,) = zy,, then
b, — oo and any limit point of {/,} is a geodesic ray in the equivalence
class of £. In particular, if £: [0,00) — X is a geodesic ray, then

tliglo 0(t) = [¢).

e A sequence {{,} C 0gX converges to £ € 0-X if and only if whenever
£y, : [0,+00) — X are geodesic rays with {£,(0)} bounded and [¢,] = &,
then any limit point of {¢,} is a geodesic ray in the equivalence class of .

Isometries map geodesics to geodesics and hence we also have the following.

Proposition 20.12. If f : X — X is an isometry, then [ extends continuously
to a homeomorphism X7 - X°. Moreover, with this extension, Ilsom(X) acts

continuously on Yg .

Example 20.13.

e The Gromov boundary of the hyperbolic plane is dg H? = R U{oc}.
e The Gromov boundary of an infinite tree is the space of ends.

20.2. Visibility and Contraction. In this subsection we recall an important
property of Gromov hyperbolic spaces (sometimes called the visibility lemma) and
then use it to prove a contracting property for sequences of isometries.

Suppose for the rest of the subsection that (X, d) is §-hyperbolic.

Proposition 20.14 (Visibility Lemma). Suppose 7,6~ € 0gX are distinct. Then

(1) For any neighborhoods V* of ¢+ with V+NV— =0, there exists a compact
set K C X such that any geodesic joining a point in V=~ to a point in VT
intersects K.

(2) There exists a geodesic line £ : R — X with limy_, 1 £(t) = £F.

Proof. (1). Suppose (1) is false. Fix o € X. Then for every n there exist x> €
V* N X and a geodesic segment £, joining x¥ so that d(£,,0) > n. Let £ be
a geodesic joining o to zF. Passing to a subsequence we can suppose that £
converges to a geodesic ray £+ : [0,00) — X. Then [(*] € VE and hence ¢*, /™ are
in different equivalence classes. So

limsupd(¢~(t),£%(t)) = +oo.

t—o0

So we can fix tg > 0 where d(¢™ (¢9), £ (tg)) > 2J. Passing to a tail of our sequences
we can assume that

d(f; (to), f;t (to)) > 20
for all n > 1.
Now consider the geodesic triangles ¢, U¢ UZ,. Since X is Gromov hyperbolic,

d(eF (to), €, Uly,) < 6.
Notice that
d(£; (to), £ (5)) = |d(€] (o), 0) — d(o, £, (5))| = [to — s|

and

d(€3 (to), £, (s)) = |d(£; (to), €5 (to)) — d(L5 (o), €5, (5))| > 26 — [to — s|.
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So

d(£; (to), £,) > 0.
Thus

d(£; (to), £n) < 6.
Thus

n < d(o,4,) <d+tp
and so we have a contradiction.

(2). Fix {zFf} C X such that X — ¢*. Let ¢, be a geodesic joining z;*. By
(1), each ¢,, intersects a fixed compact set K. So we can pass to a subsequence and
reparametrize so that ¢,, converges locally uniformly to a geodesic line £ : R — X.
By Remark [20.11} /][ o) is in the equivalence class of £ and so limg o £(t) = £
Likewise, lim;_, o £(t) = £~ O
Corollary 20.15. If {z,} C X converges to £ € 9gX and {y,} C X satisfies

R:= Supd(mna yn) < +00,
n>1

then y, — &.

Proof. Fix o € X and a geodesic ¢,, joining z,, to y,. Then
d(o,4,) > d(o,z,) — R — +00

So for any compact set K C X we eventually have £,, N K = (). Thus, by the
visibility lemma, y,, — £.
O

The Gromov boundary has the following important contraction property with
respect to isometries.

Theorem 20.16. Suppose {vy,} C Isom(X) is a sequence of isometries and o € X.
If ypo — €7 € 9gX and v, o — € € 9g X, then

Y — €T

forallz € Yg ~A{¢7} and the convergence is uniform on compact subsets ofyg ~
{1

Proof. Fix a compact set K C X7 < {¢~} and suppose for a contradiction that
Yn|k does not converge uniformly to the constant map £*. Then after passing to a
subsequence there exist a neighborhood U of £t and {z, } C K such that vz, ¢ U
for all n > 1. By perturbing, we can assume that {z,} C X.

Fix a geodesic ¢, : [0,b,] — X joining o to vy,x,. Passing to a subsequence we
can suppose that ¢, — ¢ locally uniformly. Since v;,1¢,, joins v, o to x,, by the
visibility property, there exists {¢,} such that

R :=supd(y;, *n(tn),0) < +oo.
n>1

Then
d(gn(tn)ar)/no) < R.

Since v,0 — &7 € 9gX, we must have t,, — +oo. Thus b, — +oco and £ is a
geodesic ray.
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Since £, joins o to v,x,, we have
[ = Jim zn & U
and hence [{] # 7. On the other hand, £,]j,] — ¢ and so
[ = nh—>Holo L(ty,).
Then by the corollary, [¢] = (. So we have a contradiction. O

Corollary 20.17. Suppose {v,} C Isom(X) is a sequence of isometries and o € X.
If ypo — £ € 0gX, vto — € € 9gX, and v is a probability measure on g X
with v({~}) =0, then

(Yn) sV = O+

Proof. This is very similar to the proof of Observation [I1.4] 4

21. STATIONARY MEASURES
Suppose X is a Gromov hyperbolic space and g is a probability measure on
Isom(X).
Recall that a semigroup H C Isom(X) is non-elementary if
(1) There are no H-invariant subsets in dgX with cardinality 1 or 2.
(2) Every (some) orbit of H in X is unbounded.
Theorem 21.1. If the semigroup Fl‘f generated by supp(p) is non-elementary, then:

(1) There is a unique stationary measure v on dgX .

(2) v has no atoms.

(8) There exists a Borel map ¢ : Q — 9gX such that for S-almost every g:
(a) The limit measure vg is a Dirac mass centered at ((g).

(b) hmn%oo g1 gn(o) = g(g) fO’f’ allo€ X.
(4) If o € X and A C 0gX is measurable, then

v(A) = Pr lim g1+ gu(0) € A) = B({g: ((g) € A}),
equivalently v = (..
Remark 21.2. Recall from Theorem [0.1} that given a stationary measure v the limit

vg = lim (g1---gn).v

y:/%w.

The proof is very similar to the proof of Theorem [13.1

exists for S-almost every g and

Lemma 21.3. If v is a stationary measure, then v has no atoms.

Proof. Suppose not. Let ¢ := sup{v({y}) : v € 9gX}. Since v is a probability
measure the set of points with mass at least ¢/2 is finite and so the set F' := {y :
v({y}) = ¢} is finite and non-empty. Since v is stationary,

v({y}) = /( LX)V({Q‘ly})du(g)

So if y € F, then g~ 'y € F for pu-almost every g. If y € F and g € supp(u), then
there exists g, — g where g 'y € F for all n. Since F is finite, then g~ 'y € F.
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Thus g~'F = F for all g € supp(u). Hence F is [ -invariant. Then by assumption
|F| > 3.

Fix 0 € X. By assumption there exists {g,} C I} such that d(gn(0),0) — +oc.
Passing to a subsequence we can assume that g,o — ¢ and g, o — £~. Then
gnx — T forallz € DG {&}. Since |F| > 3, we can fix distinct a,b € F —{£{}.
Then g,a — £+ and g,b — £F. Further, for every n > 1 at least one of g,a and
gnb does not equal £*. So we can find {z,,} C F such that z,, — T and z,, # &F
for all n. Thus {x,} contains infinitely many distinct points, which contradicts the
fact that F is finite. a

Lemma 21.4. There exist a Borel map ¢ : Q — 0gX such that:
(1) If o € X, then lim, 00 g1 - - - gn(0) = ((g) for B-almost every g.
(2) v = (B is the unique stationary measure and vg is o Dirac mass centered
at ((g) for B-almost every g.

Proof. Fix a stationary measure v. By Corollary for every m € Zxq, for
@™ @ B-almost every (h,g) one has

(91 gnh)v — vg

(here we define u*? = 8;4). Hence, there exists a full measure set ' C €2 such that
for every g € ¥, for every m € Z>g, and for p*™-almost every h € lsom(X) we
have

(g1 gnh)sv — vg.

Fix g € ' and fix o € X. We first claim that every limit point of {(g1 - - - gn)(0)}
is in dgX. Suppose not. Then there exists n; — oo such that (g1 ...gn,)(0) = x €
X. Using the Arzela-Ascoli theorem and passing to a subsequence we can suppose
that (g1...gn;) = T in Isom(X). Then

®) v = lim (g1 gn,h)ov = Tohov

for every m € Zxo and for p*"-almost every h € Isom(X). Then by continuity,
T.h.v = vg for every h € I‘:. Since I‘: is non-elementary, there exists {h,} C I‘:
with d(hy,0,0) — +00. Passing to a subsequence we can assume that hj,o — £ €
0gX and h;'o — ¢~ € 9gX. Then

hpx — €T
for all x € X9 {¢~}. Since v is atomless, Corollary implies
vg = lim T (hy)sv = Tibgr = e+

n—roo

By Equation , we have also T,V = vg and so
V= (T_l)*l/g = (T_l)*§TE+ = 5§+

is a Dirac mass, which contradicts the fact that v is atomless. Thus every limit
point of {(g1 - gn)(0)} is in IgX.

Now suppose n* is a limit point of {(g1 - ¢,)(0)}. Then there exists n; — oo
such that (g1...gn,)(0) = n*. Passing to a further subsequence, we can suppose

that (g1...9gn,) ' (0) = n~. Then, since v is atomless, Corollary [20.17| implies

Vg = ]ll)rgo(gl .. 'gnj)*V == (5»,,+.
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This implies that 7™ is the only limit point of {(g1 - - - gn)(0)}. Hence if {(g) :=n™,
then

lim (g1 -+ gn)(0) = ((g).

n—oo

Since g € ' was arbitrary,

((g) := lim (g1---gn)(0)

n— oo

exists for all g € ' and Q' has full S-measure.
Now suppose 7 is a (possibly different) stationary measure. There exists a full
measure set 2" such that

Vg = lim (g1---gn).V
exists for all g € Q. If g € Q' N Q" then (g1 - gn)(0) = ((g) and so Corol-
lary [20.17) implies that

Vg = lim (g1 gn)+V = O¢(g)-

n—roo

Then, since ' N Q" has full measure,

o= [ ndste) = [ bcwiste).

i.e. v = (0. Hence (. is the unique stationary measure.
O

22. THE BUSEMANN BOUNDARY AND AN INTEGRAL FORMULA FOR THE LINEAR
DRIFT

In this section we establish a result of Karlsson—Ledrappier, see Theorem 18
in [KL11], which provides an integral formula for the linear drift.

Suppose X is a proper metric space. Fix a point o € X and let K C C(X) be
the set of 1-Lipschitz functions with f(o) = 0. Define a distance p on K by

po(fr9) =2 2" max |f(z)—g(x)|.

z:d(z,0)<n

Then (K, pg) is a compact metric space where f,, — f with respect to pg if and
only if f, converges uniformly on compact sets to f.
We map X into K as follows. Given y € X, let b, : X — R be the function

Then by, € K. The Busemann boundary, denoted 0 X, is the set of all functions
b: X — R where b = lim,,_, by, for some sequence {y,} C X with d(o,y,) — oc.

B
Observation 22.1. The set X := X LU JdpX admits a topology which makes it
—B
a compactification of X, i.e. X is a compact metrizable space, the inclusion map
—B —B
X — X is a homeomorphism onto its image, and X is open dense in X . Further

(1) {zn} C X converges to b € 9pX if and only if d(o,z,) — oo and b, — b
locally uniformly.

(2) The action of Isom(X) on X extends continuously to an action on x”
where Isom(X) acts on 0pX by

g-b=bog " —b(g o).
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Proof. Let h(z . Then define a distance p on YB by

1+d(

)=
pla,y) = mm{d(w y)s (@) + h(y)} + po(ba, by)  when z,y € X,
( €L, ) p( ) h( )+p0(bwab) when € X7 be 6BX7

(bl,bg) £o (bl,bg) when bl,bg € aBX

Check that this has all the desired properties.

Next we define cp : Isom(X) x X” S Rby

b(g~to) if be 0pX
(9,b) = o .
d(g~to,b) —d(o,b) ifbe X

Notice that ¢ is continuous.
Observation 22.2. |cg(g,-)| < d(go,0) and cp is a cocycle, i.e.
cB(9192,b) = cB(g1,92b) + cp(g2,b)
for all g1, g2 € Isom(X) and b € x”.
Proof. By density and continuity, we can assume that b € X. Then
e (g,b)| = [d(g™"0,b) — d(0,b)| < d(g™'0,0) = d(0, go)
and

cB(9192.b) = d(g2 ' g7 '0,) — d(0,0)
=d(g; "o, g2b) — d(0, g2b) + d(g5 *0,b) — d(0,b)
= cp(91, 92b) + cB(92,b).
([l

Theorem 22.3. If X is a proper metric space, p is a probability measure on
G :=Isom(X), and

/ d(o, go)du(g) < +o0
G

(hence the linear drift exists), then there exists an ergodic stationary measure v on
—B . ) .
X such that the linear drift satisfies

L, :/ Bch(/uX)z/).
G

x X

Moreover, if d(0, g1+ gn(0)) = +00 almost surely, then supp(v) C dpX.

For the rest of the section suppose u satisfies the hypothesis of the theorem.

—B
Lemma 22.4. If v is a stationary measure on X , then

/G - cpd(p®@v) < L,.
X
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Proof. Since v is stationary, for any k > 1

L scmtean = [ entonaw cn)0nto

X
/ 5(g, h - b)dw(b)du™ (h)dp(g)

¢ Jx°¢
-/ / 5(gh,b) — i (h, b)dv (B)du™  (h)dp(g)
aJxX°
/ ) @) — / cpd(p™ @ v).
GxX? axx®
Since p*0 = §igq,
/ cpd(p*® ®@v) / b(o)dv(b
GxX"
and so the above formula is also true for £ = 0. Then averaging over £ =0,...,n—1

and sending n — co, we obtain

1 1
cpd(v @ pu) = lim f/ cpd(p*™ ®@v) = lim f/ cpd(pW™" @)
/GXYB n=oon JoxxP? ) n=oon Jaxx? (
1
< lim f/ d(o,go)u™"(g) = L.,
G

n—o0o N

where in the last equality we used Kingman’s ergodic theorem. O

B
Lemma 22.5. There exists a stationary measure v on X with

/ . cpd(p®@v)=1L,.
GxX

Moreover, if d(o,g1 - - gno) — 400 almost surely, then supp(v) C OpX.

Proof. Consider the probability measures Ay, := [, P §godu*k(g) and
n—1
1
15
™ =0
—B .
on X . Notice that
= [ [ hbpudis @u(h) = [ [ Brgudi @) = [ S (g) = s
HJG HJG G
So
I 1 1
n = — Ak =VUp+ —Apt1 — —A1.
TR nzk I/+n+1n1

k=2

Hence, any weak-* limit point of {v,} is stationary.
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Next notice that

/ / 59, b)dvn (b)dpu(g / [ g™ 0.5) = do. v, (0)dn(o)
fz / | g™ ou10) (o, ho)au™ (o)

%Z/Gd(07h0)dﬂ*(k+l)(h)*/ d(o,ho)du*k(h)
k=1

G
1 “n 1
= /G d(0, ho)dy™" (h) — — /G d(o, ho)du(h)

which converges to L, by Kingman’s ergodic theorem.
Now fix v = lim; o ;. Then

[ ento, b)m(b)‘ < d(go,0)

X
and so by the dominated convergence theorem

/c:@BCBd(“@W) :/G UXB CB(Q’b)dV(b)} d(g)

= lim /G /Y L cB(g,b)dvy, (b)du(g) = L

J—0o0

Finally assume that d(o, g1 - - - g,0) — +00 almost surely. Then for any compact
set K C X, we have

lim A\;(K) = lim [ 1x(g1---9n0)dB =0

Jj—o0 j—oo Jq
by the dominated convergence theorem. Thus supp(v) C 9pX. O

To finish the proof we need to use some functional analysis. Consider the function
L(v) := / cpd(p @ v)
GxX"?

on the space of stationary measures. This is continuous (check!) and affine, i.e.
L(tv1 4+ (1 —t)ve) = tL(v1) + (1 —t)L(r2). By the above lemmas we know that L, is
the maximum value of L. Since L is continuous and affine, there exists an extreme
point, i.e. an ergodic stationary measure, that realizes the maximum value (this
assertion requires Choquet’s theorem).

In the case when d(o, g1 - - - gn0) — +00 almost surely, we consider L restricted
to the space of stationary measures whose support is in dg X.

23. THE BUSEMANN BOUNDARY OF A GROMOV HYPERBOLIC SPACE
In this section we relate the Busemann boundary to the Gromov boundary.

Theorem 23.1. If X is a Gromov hyperbolic metric space, then the identity map
X — X extends to a continuous map

X' X
Remark 23.2. In general, the map is not injective on dpX.

We start with some general observations.
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Lemma 23.3. Suppose {x,} C X converges to b € OpX in X7 and to £ € 0gX
mn Yg. For any compact set K C yg — {¢&} there exists a constant C = C(K) >0
such that: if © € K N X, then

b(xz) > d(z,0) — C.
Proof. Fix a neighborhood U of ¢ in Yg with K NU = (). By the visibility lemma
(Proposition [20.14)), there is R > 0 so that if £ is a geodesic joining a point in U to
a point in K, then
/N BR(O) 75 @

Now fix z € KN X. For each n > 1 fix a geodesic ¢, joining = to z,. Then for
n sufficiently large there exists u,, € ¢,, such that u,, € Br(o). Then

b(z) = li_>m d(z, x,) — d(xp,0) = li_{n d(z, upn) + d(tn, z,) — d(x4,0)

> lim —2R 4+ d(z,0) + d(o0,z,,) — d(zp,0) > —2R + d(z, 0). O

n—oo

Lemma 23.4. Suppose {x,} C X converges to b € IpX in X7 and to £ € dgX
in X°. If 0 : [0,00) = X is a geodesic ray with [{] = &, then
tlggo b(l(t)) = —o0.

Proof. Let £, be a geodesic joining o to x,,. Then passing to a subsequence we can
suppose that £, — £. Then [{] = £ and so
C :=supd(¢(t),(t)) < +oc.
>0
Fix ¢t > 0. Then
b(L(t)) = ILm d(l(t), x,) — d(o, x,) = ILm d(l(t), xn) — d(o, £, (t)) — d(Ln(t), )
< liminf d(€(t), £, (t)) + d(€n(t), zn) — d(o, £, (t)) — d(€n(t), zn)
n—oo

= d(U(t), i) —t < C —t.
So b(£(t)) — —oo.

Lemma 23.5. If {z,} C X converges in YB, then {z,} converges in x°.

—B .
Proof. Suppose z,, — bin X . Suppose ¢ is a limit point of {z,} in X7 By the
previous two lemmas, for every geodesic ray ¢ : [0,00) — X we have

{+oo i[04 ¢

lim bE(t) =4 if [ =¢

t—o0

This implies that the only limit point of {x,} in X7 is ¢ and hence {z,,} converges

in X7. (]
By the Lemma, the function F : YB — Yg given by

b ifbe X
F(b) = e
limxs, spx ifbedpX

is well defined. Using the Lemma, one can check that I is continuous.
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24. POSITIVE LINEAR DRIFT

Suppose X is a Gromov hyperbolic space, and p is a probability measure on
Isom(X) where

/ d(o, go)dpu(g) < +oo.
Isom(X)

and the semigroup generated by supp(u) is non-elementary. We finish the proof of
Theorem [I9.1] by proving that the linear drift is positive.

Fix 0 € X and let X be the associated Busemann compactification. Define
f:Qx0X — Rby f(g,b) = calg,b) = b(g; o). By Theorem we know
that d(o,¢1 - gn0) — +oo almost surely. So by Theorem there exists an
ergodic stationary measure v on dgX such that

L, = b)d v b) = d V).
) /.SOMX)xaBX"B(g’ (1 ® v)(9,5) /MBXf Bev)

Let S: Q x dpX — Q x 9pX be the extended shift map S(g,b) = (T'g, 91 - b).
Since v is ergodic, Proposition [8.5| implies that S is ergodic with respect to 8 ® v.
Then, using Proposition [T5.1} to prove that L, > 0 it suffices to show that

n—1

Zfon(g,b)%—i—oo

j=0
almost everywhere. Recall that
g-b=bog " —b(g"0)

and so

I
—

n

n—1 n—1
S Fosigh) = S AT (@)gs aib) = 3 gy gublg; o)
Jj=0 Jj=0

Il
- o

3w
I

blgy '+ g;410) —blgr - g; o)

(g7 -gn"0) —b(o) =blg; "+ g, " 0).

Lemma 24.1. There is a Borel map (f : Q0 — 9g X such that for B-almost every g
we have

|
[w o B
(=)

lim g7 g, (0) = ((8)-

n—oo
Proof. Let i : Isom(X) — Isom(X) be inversion i(g) = g~! and let ji := i,u. The
semigroup generated by supp(/i) is non-elementary (check!) and so by Theoremm
there is a Borel map (y :  — 9gX such that for 3 := 4®N-almost every h we have
lim hy - - hn(0) = Co(h).

n— oo

Equivalently, for g-almost every g we have

lim gy g, (0) = ((g)-

n—roo

where 5(917927"') = 50(91_1,92_17"')' 0
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Let m : 95X — 9gX be the continuous map from Theorem Then 7,v is
a stationary measure on dgX. So by Theorem [21.1] 7,.» is the unique stationary
measure on JgX and has no atoms. Thus for any £ € 9g X,

v(r=1(€)) = mr({€}) = 0.
Then

Bov)({gb): lim g7 (0) = {(g) and 7(b) # ()})
— [1- v ) date) = [ 105 -1
Q Q

For (g, b) in this full measure set, Lemma implies that there exists a constant
C = C(g,b) such that

blgr" g, t0) > d(gr g, 0,0) = C
and hence b(g;* -+ g, '0) — +oo.
So

n—1
S foSi(g.b) =blgr gy to) = +oo
§=0

almost everywhere. Thus by Proposition [L5.1

L, = /QXan fd(B® v) > 0.

Part 4. Random walks on finitely generated groups
25. INTRODUCTION

In this part of the lecture notes, we consider the case when I is a finitely gener-
ated group (we now use I' to denote our group).

Given a probability measure g on I' and g1, go, ... independent identically dis-
tributed elements of I' each with distribution u, we can view the random products

as a random walk on T starting at id. Notice that the distribution of X!, X,, is u
and so p is called the step distribution of the random walk. Also notice that

pu(, B) = (a1 B).
represents the probability that a random walk moves from « to 5 after n-steps.
Finally, we can view = I'N as the space of all possible steps along random
walks and 8 = p®N as the probability that a set of steps occur.
Now we introduce the terminology we will use through out this part of the lecture
notes.

Word length. Given a finite generating set S C I' (i.e. every element of I" can be
written as a product of elements in .S), we let

Iv|g := min{k : v € S*}

denote the word length with respect to S. If S’ C T is another finite generating set,
then there exists C' > 1 such that

1
Vol Vs < lg < Clvlg
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for all v € I So in many cases, the exact choice of finite generating set doesn’t
matter.
In the case when S is symmetric, i.e. s € S < s~ € S, then the function

dS(gah) = ‘g_1h|s

is a metric on I' called the word metric induced by S.

Symmetric. A random walk is symmetric if

ulg) = pu(g™)
forall g eT.

Irreducible. A random walk is irreducible if T' is generated by supp(u) as a semi-
group, i.e.

= | supp(u™) = _J supp(r)".

n>1 n>1
Recurrent and Transient. A random walk is recurrent if
Pr(X, =id for some n > 1) =1,
i.e. if the random walk almost surely returns to id, otherwise it is transient.

Observation 25.1. If F,, C Q is the set of random walks that return to id at least
n times, then B(F,) = B(F1)".

Proof. Fix n > 1. For m € N, let Fj,_1,, C € be the set of random walks that
return to id at step m and return to id exactly n — 1 times in the first m-steps.
Notice that

F1= |_| Fn—l,m and Fj, = |_| 7"'7)1(}771—1,77;) x Iy
m>n—1 m>n—1

where 7, : Q@ — I'™ is the projection onto the first m-coordinates. Also notice that
Foim = Tm(Fu_1.m) x TN and so

B(anl) = Z B(anl,m) = Z M®m<7rm(Fn7Lm>)
m>n—1 m>1
and
ﬂ(Fn) = Z ﬁ(ﬂ'm(Fn—l,m) X Fl) = Z ,u®m(7rm(Fn—1,m))5(Fl)
m>n—1 m2>1
= B(Fn-1)B(F1).
Then by induction B(F,) = B(F1)™.

Proposition 25.2. Given a random walk, the following are equivalent:
(1) The random walk is recurrent.
(2) Pr(X,, =id for infinitely many n > 1) = 1.
(3) S0 pu(id,id) = +o0.
If the random walk is irreducible, the above are also equivalent to:
(4) >0 pn(a, B) = 400 for some o, B € T.
(5) >0 pn(a, B) = +00 for all o, B €T.
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Proof. (2) = (1) is by definition. If (1) is true, then 8(F,) = B(F1)™ = 1 and so
Pr(X, =1id for infinitely many n > 1) = 8(N,>1F,) =1
Thus (1) = (2).
Notice that

- _ # of times the random walk <
Z Lgr-g,=ia} (8) = corresponding to g returns to id Z 1r.(8)

So

an (id, id) ({g1 cgn =id}) = Z/l{gl...gn:id}dﬁ = Z/andﬁ
n=1 n=1

:nz_j ZBFl

8 HMX

Thus (1) & (3).

Now suppose that the random walk is irreducible. Clearly (3) = (4) and (5)
= (3). So it suffices to show (4) = (5). Suppose > .-, pn(ao, o) = +oo and
fix o, 8 € I'. By irreducibility, there exist k,¢ > 1 such that pg(a,ap) > 0 and
pe(Bo, B) > 0. Then

Pnle, B) > pr(or, ao)pr—k—e(ao, Bo)pe(Bo, B)
for n > k + £ and so

> pula, B) = prlen0)pe(Bo, B) Y pulan, Bo) = +oo.
n=1 n=k+4+1

O
We state two major theorems without proof (proofs of both can be found in [Lal23]).

Theorem 25.3 (Theorem 7.2.2 in [Lal23]). If there is an irreducible recurrent
symmetric random walk on T, then every symmetric random walk with finite support
is also recurrent.

Definition 25.4. An infinite finitely generated group is recurrent if some irre-
ducible symmetric random walk on the group is recurrent, otherwise the group is
transient.

Theorem 25.5 (Varopoulos’ Recurrence Criterion (Theorem 7.3.1 in [Lal23])).
An infinite finitely generated group is recurrent if and only if it has a finite-index
subgroup isomorphic to either Z or Z2.

We will almost always consider transient irreducible random walks.

26. AMENABILITY AND LINEAR DRIFT

In this section we introduce amenable groups and prove positivity of linear drift
for certain random walks on non-amenable groups.

Theorem 26.1. Suppose I' is a finitely generated group, dg is a word metric on
T, and p is a probability measure which induces an irreducible random walk. If T
is non-amenable, then the linear drift

dg(id, X
= lim ds(id, Xn)

n—o0 n

Ly
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is positive (possibly equal to +00).

In Section [26.1] we will introduce amenable groups and prove some basic prop-
erties. In Section [26.2] we prove several characterizations of amenability. In Sec-
tion we introduce the spectral radius of a random walk and prove that if it is
less than one, then the linear drift is positive. Finally, in Section [26.4] we relate the
spectral radius to amenability.

26.1. Amenable groups. Given a countable group I', a Fglner sequence is a se-
quence {F,} C T of finite sets such that
|[FnAgFy|
[P

for all g € I'. A countable group I' is amenable if it admits a Fglner sequence.

—0

Example 26.2. (Z,+) is amenable: If F,, = {0,1,...,n}, then
F,A F, 2
|[FnA(m + n)|: |m|_>0
|E| n

for all m € Z. More generally, a solvable group is amenable.

Amenable groups have the following important property.

Proposition 26.3. IfT is amenable and acts continuously on a compact metrizable
space Y, then there exists a I'-invariant Borel probability measure on Y .

Proof. Fix a Fglner sequence {F,} and fix yg € Y. Define a Borel probability

measure
i = | E Ogyo -

g€eFy,
Notice that if h € T', then

1
n = Rafin = A Z Ogyo — Z dgy0

gEF, \hF, gERF,\Fy,

Soif f:Y — R is continuous, then
|FnARE,|

‘/fd”" ] it Fu)

So any weak-* limit of {u,} is I'-invariant. d

<l

Example 26.4. If I' is a countable group which is either isomorphic to
(1) a Zariski dense subgroup of SL(d,R),
(2) a non-elementary subgroup of the isometry group of a Gromov hyperbolic
space,

then I' is not amenable.

Proof. We just prove (2). We will use our previous results about stationary mea-
sures, but one could provide a much more direct argument.

Suppose I' C Isom(X) is non-elementary where X is Gromov hyperbolic. Sup-
pose for a contradiction that I' is amenable. Then there exists a I'-invariant Borel
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probability measure v on the Gromov boundary dgX. Now fix a probability mea-
sure p on I with full support. Then

prv=>3 p(glg.r=> ulgv=uv
and so v is stationary. By Theorem for a generic g € 'V we have

lim (g1 -+ gn)«V = Oc(g)

n—oo

for some ((g) € d¢X. Then by I'-invariance, v = d¢(g). However, Theorem
also says that v has no atoms. So we have a contradiction. ]

Proposition 26.5. IfT" is amenable and H C T is a subgroup, then H is amenable.

Proof. We claim that for any finite set S C H and any € > 0 there exists a finite
set F' C H such that

|FARF|
max ———— < €.
hes |F|

Since I" is amenable, there exists a finite set £ C I' such that

 BARE| _ e
X < .
hes  |E| |S]

Fix a set of coset representations R of H\I'. For r € R, let E” := EN(Hr). Notice

that
S D |ETARET| =) |[EAWE| <€|E|=€¢> |E|.

heSreR hes reR

So there exists some 7 € R where ), ¢ |E"ARE"| < ¢|E"|. For such a set, let
F:=E"r~! C H. Then

|PARF| _|ETARET]
nes |F|  hes  |ET|

Now fix finite sets S; C Sy C --- such that H = US,, and let {F,,} C H be finite
sets with
IE,ARE,| 1
hesS,  |Fyl < n

Then {F,} is a Fglner sequence. O

Corollary 26.6. If ' contains a free group on two generators, then I' is not
amenable.

Proof. Suppose H = (a,b) is a free subgroup. Then let X be the Cayley graph
of H associated to the generators {a,b,a=!,b=!}. Then X is Gromov hyperbolic
and the action of H on X is non-elementary. Hence H is non-amenable. So IT' is
non-amenable.

O
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26.2. Equivalent definitions. We now describe several characterizations of amenabil-
ity. For the rest of the section suppose that I' is a countable group.
We will consider two actions of I" on the set of functions I' — R. The right action
is
Ry f(h) = f(hg)
and the left action is

Lgf(h) = f(g~"h).

For p € [1,00] let LP(T") be the usual LP-space of functions I' — R associated
to the counting measure. Notice that both the right and the left actions are by
isometries on every LP(T).

A mean on T is a continuous functional £ € L>(T")

(1) £(f) >0 for all f>0,
(2) £(1p) = 1.
A mean / is T-invariant if ¢(f) = ¢(Ly f) for all f € L>°(T") and g € G.

* where

Remark 26.7. Given a I'-invariant mean ¢ € L>°(T")*, the function
A 5(1,4)

defines a I'-invariant finitely additive probability measure on I". Conversely given
a [-invariant finitely additive probability measure p on I'; the function

£ [ san
defines a I'-invariant mean on I'.

Theorem 26.8. The following are equivalent:

(1) T is amenable.

(2) T' admits a mean (i.e. it is “a mean-able”).

(3) T admits a T-invariant finitely additive probability measure.

(4) There exists a sequence { f,,} C L*(T) of unit vectors where || f, — Ly full, —
0 for all g €T.

(5) There exists a sequence { f,} C L' (') of unit vectors where || f, — Ry fnl; =
0 for allgeT.

(6) There exists a sequence { f,,} C L*(T) of unit vectors where || f, — Lg fnll, —
0 forallgeT.

(7) There exists a sequence { f,} C L*(T) of unit vectors where || f, — Rg full, —
0 forallgeT.

Proof. We start with the easy directions. Recall that (2) < (3) by the discussion
above.

Given f : T — R, define ®(f) : T — R by ®(f)(g) = f(g~*). Then ® induces an
isometry of every LP(T") and

PoLy,=R,;0d.

Using ® one can show that (4) < (5) and (6) < (7).
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(4) = (6). Suppose {f,} C L*(T) are unit vectors and || f,, — Ly fn ||, — 0 for all
g €T. Let hy, :=|f,|"%. Then
_ 1/2|2 _
Vo = Lyhally = S22 = [falg™ D7) < D0 1) = fulo™ )]

yel’ vel
< |fn = Lo fully = 0.

(6) = (4). Suppose {f,} C L*(T) are unit vectors and || f,, — Ly fn ||, — 0 for all
g € T. Let hy, := f2. Then

”hn - Lghn”l = ”(fn + Lgfﬂ)(fn - Lgfn)H1 < ||fn +Lgfn||2 an - Lgfﬂ”g
<2 an - Lganz — 0.

(1) = (3). Let M denote the set of finitely additive probability measures on T,
which we view as a compact subset of [0, 1]7().
We claim that for any finite set S C I and any € > 0 the set

M(S,e) i ={p:|u(E)— pn(gE)| <eforall Ee€P()and g € S}

is non-empty. Since I' is amenable, there exists a finite set F' C I' so that

[FAgF|
X —— < €.
ges |F| -
Define 1 € M by
1
W(d) = = AN F.
||

Then
lgANF|—|[ANF||=||[Ang™'F| - |ANF|| < |FAg~'F| = |(gF)AF]|

and so u € M(S,e).
Now fix finite sets S; C Sy C --- such that I' = US,,. Then by the nested
intersection property

oo
() M(Sn,1/n)
n=1
is non-empty and any element of this set is a I'-invariant finitely additive probability
measure.
(2) = (4). We claim that for any finite set S C I" and any € > 0 there exists a
unit vector f € L1(T') such that

-L <e.
max[|f — Lofll, <e

Suppose not. Consider the set

{(f = Lygf)ges : f>0and |f|, =1} c LY(D)

This is convex and bounded away from zero. Since (L'(I')%)* = L>(I")%, by the
Hahn-Banach Separation Theorem there exist § > 0 and (pg)4es € L°°(T)° such
that

> pgr f = Lof) >0

geSs
when f >0 and || f||; = 1. Notice that

(P Laf) =Y pg(W) (g7 h) = pglgh) f(h) = (Lg-1pg, f) -

hel’ hel’
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So

(6) <f,ZPnglpg> =61 flly

geSs
whenever f € LY(T') and f > 0.
Now let p := EQES pg — Lg—1py. Plugging f = 0, into Equation @, we see
that p(z) > 6. Hence p > d1p. Now fix a I'-invariant mean ¢ : L>°(I') — R. Then
£(p) > §¢(1r) = 6, but by I'-invariance

Lp) =1t Zpg—Lgflpg =0.

geSs

Contradiction!
Now fix finite sets S7 C Sy C --- such that I' = US,,. For each n there exists a
unit vector f,, € LY(T) with
1
max —L < —.
mas [ fu = Lofull, <

Then {f,} is our desired sequence.
(4) = (1). We claim that for any finite set S C I" and any ¢ > 0 there exists a

finite set F' C I" such that
|[FAgF|
max ————

geSs |F|
By (4), we can fix a unit vector f € L(T') where
€
1S

By approximation, we can suppose that f is finitely supported. By replacing f
with |f], we can also assume that f > 0. Then we can fix A} D --- D Ay such that

fn= Z cila,;.
and each c; is positive. Notice that
f=Lgfn= Z Cj(lAj - 19Aj) = ch(lAj\gAj - 19Aj\Aj)'
Since the sets (A;) are nested,
(Aj N gA;)N(gAr~Ay) =10
for all 1 < j,¢ < k. So no cancellation occurs. Hence

If = Loflly = e |A;Ag4] .

J

~L
max [f = Ly fll; <

Also 1= [|f[l; = >2¢;|4;]. So

SN e 14894 =D — Lofll, Se=€d_cil4yl.

geS j geS J
So there exists j where
D 1A AgA | < €|y
geSs
Then F' = A; satisfies the claim.



62 RANDOM WALKS ON GROUPS

Now fix finite sets S1 C Sy C --- such that I' = US,,. For each n there exists a
finite set F,, C I' with
|FAgF,| 1
max ——— < —.
geSn |Fn| n
Then {F,} is a Fglner sequence.
O

26.3. Spectral radius of a random walk. Suppose I' is a countable group and
1 is a probability measure on I" so that the associated random walk is irreducible.

The spectral radius of p is
p(p) = limsup ™ (id) /™.

n—oo

Observation 26.9. If g € T, then
p(p) = limsup " (g)"/".
n— oo
Proof. Fix k,l such that g**(g) > 0 and p*!(g~!) > 0. Then

p(g) = TR (i) (g)
and
P (id) < D ()t (g™,
So

lim sup p*™(g)*™ = lim sup p*" (id) /™.

n—oo n—oo

We relate the spectral radius to the linear drift.

Theorem 26.10. Suppose dg is a word metric on T. If p(u) < 1, then the linear
drift with respect to dg is positive.

Lemma 26.11. For any p(u) < po there exist C,a > 0 such that
1" (g) < Cal9ls piy.

Proof. Fix C7 > 0 such that
§ (i) < Crpl.
For each s € S fix n(s) € N such that z**(*)(s) > 0. Then let € := mingeg (%) (s)
and N := maxgcg n(s).
Fix g € . Then ¢g~! = s1---s; where s1,...,5; € S and k = |g*1|s = |9ls-
Let k' =n(s1) + -+ 4+ n(sk). Then

/J*k/(g_l) > ek > Gk/.

So

’

Crpg ™ > () > e (g)u* (97 = " (g)e
Then
1" (g) < Ci(po/e)* pf < Cla\g\spg

where a := (po/e).
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Proof of Theorem[26.10. Fix p(1) < po < 1 and let C,a > 0 be as in the lemma.
Then fix § > 0 such that
1S|° a®py < 1.
Notice that
{g: lgls < dn} < IS

So
Pr(| X, <on)= Y w"(g) < IS Ca’py
Iglsf(sn
=C <|S|6a5po)n — 0.
Thus L, > 4. O

26.4. Spectral radius and amenability. Suppose I is a countable group and u
is a probability measure on I' so that the associated random walk is irreducible.
Theorem 26.12 (Kesten, Day).

(1) If p(n) = 1, then T is amenable.

(2) If p is symmetric and I' is amenable, then p(p) = 1.

Remark 26.13. This theorem is due to Kesten [Kesh9bl [Kesh9al in the symmetric
case and to Day [Day64] in the non-symmetric case.

The rest of the section is devoted to the proof of the theorem. Define P,

L2(T) — L*(T) by
z) = pw(g)f(xg)

ger

: k_
Notice that Pu = Pﬂ*k.

Recall that we previously defined an isometric action of I' on L?(T") given by

Ry f(z) = f(zg).

P, =) ugR

gel

Then we can write

Lemma 26.14. supgcr w*(g) < HP,’fH <1 forallk>1.
Proof. Notice that

HpﬁfHQZ ZU Rf <ZM ||Rng2_||f||2

ger ger
Hence HP/jH < 1. Further,
Pidialg) =Y w*(v)dalgy) = n™ (g™
yel

and so
<P551d7§g—1> = ‘Lt*k(g)

Since 8;q, d,-1 are unit vectors in L*(I"), we must have ||P/f’| >k (g).
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Lemma 26.15. p(u)* < ||P,’f|| for all k. Moreover, if i is symmetric, then HPZ}H =
p()* for all k.

Proof. Fix k > 1. Then any n can be written as n = a,k + b, where b, €
{0,1,...,k —1}. Then

1Bl < 1B 1Pl
Since a,/n — 1/k and ||P"|| > p*(id),

|BAI" =t [|BE " 12" 2 s | B |
> lim sup p*" (id) /™

n—oo

= ().
Now suppose p is symmetric. We first claim that P, is a symmetric operator.
Notice that
(Ryf,h) meg Zf gY) = (f,Ry1h).

Hence RZ = R,-1. Thus

=Y (@R, => ulg)Rgr =D ilg” )Ry = Py

P/fH = ||PM||’c and so it suffices to show

that | Pull < p(n).

To show that ||P,|| < p(u), it suffices to fix f € L*(I') and show that || P, f]|, <
p(p) || fll- By density, we can assume that f is finitely supported. Further,
|Puflly < [IPulflll, and so we can assume that f > 0.

So suppose f € L?(T") is non-zero, has finite support, and f > 0. Notice that

(P2 f, f) ZZf ey) f@)™ () = Y > flay)fle)p(y)

zesupp(f) y€x—1-supp(f)

< Jsupp(p)|* || £I12 max 2 (y).

y€supp(f) ! supp(f)
So Observation implies that

. n 1 n 1/(2n)
lim sup HPufHQ/ = hmsup <P2 ff) / < p(p).
n—oo
Further, since P, is symmetric,

Bl = (P f B )y = (Bt £ B ) < | B £ |2 £,

So )
[Litaad i1 ®

1P £,

is non-decreasing and hence has a limit L. Hence
1/n
n—1 PJ+1
p(u) > lim sup H ”fHQ = lim sup H w =1L.

Then

1Butlly oy 121

:L< . D
1l = ey, LW
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Lemma 26.16. If T is amenable and p is symmetric, then p(u) = 1.

Proof. By Theorem there exists a sequence of unit vectors {f,} < L*(T)
such that || fn — Rgfnll, — 0 for all g € I'. Further, P, = > u(g9)Ry and so
|| fn — Pufull, — 0. Since || fn||, = 1, this implies that || P, f||, — 1 and so || P,| = 1.

O

In the proof of the converse direction we will need to turn estimates on || P, fl,
into estimates on || f — R, f||,. To do this we will exploit the strict convexity of the
unit ball in L?(T).

Lemma 26.17. For any § > 0 there exists € > 0 such that: If f1,fo» € L*(T),
1 filly = Il f2lly = 1, and || f1 = folly > 0, then || fi + fol| 2 —e.

Proof. Note
<= falls =2—2(f1, fo) .
Hence (f1, fo) <1— %. Then

11+ folla =2+ 2(f1, f2) < 4— 6%

So € := 2 — /4 — 02 suffices.
O

Lemma 26.18. If HP}fH =1 foralk >1 (eg. p(p) = 1), then there exists a

sequence of unit vectors {f,} C L*(T') such that || f, — Ryfnll, = 0 for all g € T.
Hence T' is amenable.

Proof. Fix k > 1 such that x**(id) > 0. By assumption HPZfH =1 and hence there
exists a sequence of unit vectors {h,} C L?(T') such that HP/fhnH2 — 1. Notice
that
IPER| < P

and so by replacing each h,, with |h,|, we can assume that h,, > 0 for all n > 1.

We claim that ||Ry, hy, — Rg,hnll, — 0 for all g1, g2 € supp(u**). Suppose not.
Then after passing to a subsequence, there exists g1, go € supp(p**) and § > 0 such
that

||Rg1hn - Rgzhn||2 >0
for all n > 1. We can assume that u**(g1) < p**(ge). Let € = €(5) > 0 satisfy
Lemma R26.171 Then

1PERally = 1> 1™ (9) Rohn

geaG 9

1w (91) Ryy o + 117 (91) Rgo | + [] (7% (92) = 1% (91)) Ry, P,
+ Z ‘ “*k(Q)Rghnuz

gel—{g1,92}
< 1% (91) | Rgy b + Rgohnlly + 17" (g2) = 1™ (g1) +1 = % (g2) — 1% (91)
< (g1)(2 =€) +1 =20 (g1) = 1 — e (gn).
Since HPP’fhnH2 — 1 we have a contradiction. Hence ||Rg, hy, — Ry, hy |, — 0 for all
g1, 92 € supp(u**).

IN
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Since id € supp(u**), we have
[ PEhn = ], <> ™ (9) [Ihn — Rghnll, — 0.
gel

by the dominated convergence theorem (note that g — 2u**(g) is in L'(I)).
Let

hn 4 Pyhn + -+ P¥hy,
Fon + Pt -+ P
(since h, > 0, the denominator is positive and so this is well-defined). Then
Ilfn — Pufull, — 0. Since || fn||, = 1, we must have || P, fu||, — 1. Then repeating
the above argument, we have ||Ry, f, — Ry, fnll, — 0 for all g, g» € supp(). Thus
if g € supp(u), we have

0= nh_}H;o ”fn - PuanQ = nh_{lgo an - Rgfnllz .

Since supp(u) generates I'; this completes the proof.

fn =

As a corollary to the proof we have the following.

Corollary 26.19. If T" is non-amenable, then there exist C > 1 and 0 < X < 1
such that
p(g) < CA"

forallgeTl.

Proof. By Lemma HP[fH < 1 for some k£ > 1. Then by Lemma

n/k=1

1 (g) < [P0 < [1PE T R < P %

where C := || P¥|| " and X == ||P¥||"/*. 0
27. HARMONIC AND SUPERHARMONIC FUNCTIONS

Suppose I' is a finitely generated group and p is a probability measure on I' so
that the associated random walk is irreducible.
Given a function f:I' — R, define P,f : I' — R by

Puf(x) =Y p(g)f(zg)

ger

(assuming the sum exists for all ). Such a function is p-harmonic if P, f = f and
p-superharmonic if P,f < f. When the context is clear, we just write harmonic
and superharmonic.

Our main goal for the rest of the class is to understand the set of bounded
harmonic functions, which we denote by H™ (T, u).

27.1. Compactness of superharmonic functions. We will frequently use the
following estimate.

Proposition 27.1 (Harnack’s inequality). Suppose dg is a word metric on T.
There exists A > 1 such that: if f: T — [0,00) is superharmonic and g1,g2 € T,
then

A dS(§1792)f(92) < flg) < )\ds(917gz)f(g2).

In particular, f is either identically zero or positive everywhere.
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Proof. For every s € S fix n(s) € Nsuch that *"(*)(s) > 0. Let € := mingeg p*"*)(s)
and let X := e 1.
If f:T — [0,00) superharmonic, g € T', and s € S, then

flg) = Pr@f(g) =Y pm®(z)f(gx) > ef(gs)

zel
and » »
flgs) = Pre ) fgs) =Y u D(a) f(gsz) > ef (g)-
zel
Now induct on dg (g1, g2)- ]
Let

ST :={f: f is p-superharmonic, f >0, and f(id) = 1}.
Proposition 27.2. With the topology of pointwise convergence, S* is compact.

Proof. By Harnack’s inequality, if S is a finite symmetric generating set, then
f(g) < Ndls for all f € ST. So we can view ST as a subset of the compact
space ngr[o, A9ls]. Thus it suffices to show that ST is closed. Suppose f, — f

pointwise and {f,} € ST. Then f > 0 and f(id) = 1. Further, by Fatou’s
P,f(z) <liminf P, f,(z) < liminf f,(z) = f(z).
n—oo n—oo

Hence f is superharmonic and so by Harnack’s inequality f is positive everywhere.
O

27.2. The recurrent case. In this section we show that for recurrent random
walks, every bounded harmonic function is constant.
As always let Q = TN and 8 = u®N.

Proposition 27.3. If f: ' — R is a bounded harmonic function, then
Jim f(g1--- gn)
exists for B-almost every g € Q.
Proof. Let F,, be the sigma-algebra generated by cylinders of the form
Ay x - x Ay x TV,

Then {F,} is a filtration. Define f, : @ — R by f.(g) = f(g1---9gn). Since
[ is bounded, sup,,>q [|fnll;: < +oo. We claim that {f,} is a martingale. If
A=A x---x A, xI'N e F,, then

IREE S F(g1- gurm)il91) - i(gam)

(915 sGn4+m )EAL X+ X Ap xXI'™

- 3 B f(gr-gn)plgn) -+ - 1(gn)

(G1yeesgn)EALX X Apy
= Z flgr---gn)u(gr) - - 1u(gn) = / frndp.
(g1y-sgn) EALX X Ay A

Then by Doob’s martingale convergence theorem (Theorem, limy, o0 f(g1- - gn)
exists for almost every g € Q. O

Recall that X,, denotes the n'"-step of the random walk starting at the identity.
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Lemma 27.4. If the random walk associated to i is recurrent and g € I, then
Pr(X,, = g infinitely often) = 1.
Proof. Let Z C 2 be the set of random walks that never visit g. We claim that Z

has zero measure. Let E,, be the random walks that return to the id for the first
time at time m. Since the random walk is recurrent,

Further, if m,, : € — I'" is the projection onto the first m-coordinates, then
En = 7m(Em) x TV and hence

B(Em) = 1% (mm(Em))-
Since there is some path with positive probability that visits g before returning
to id, we have

> uE™ (T (Em N Z)) < 1.

Also, since almost every path returns to id, the subset
Upnmm(EmNZ)x Z C Z
has full measure in Z. So

B(Z) = B(Z) Yy (7w (Em 0 2)),

which is only possible if 8(Z) = 0.
Now let ' C Q be the set of random walks that return to the id infinitely often.
Then

Pr(X,, = g infinitely often) = Pr(X,, = g for some n > 1) Pr(Q’)
=Pr(X,, =g for somen >1)=1. O

Proposition 27.5. If the random walk associated to p is recurrent, then every
bounded harmonic function is constant.

Proof. Suppose f : I' — R is bounded and harmonic. Fix z,y € I'. By the previous
two lemmas,

Pr (Xn = z infinitely often, X,, = y infinitely often, and lim f(X,) exists) =1
n—roo
So
flz) = lim f(X,)=f(y) as.

n—oo

Thus f is constant. U

28. GREEN’S FUNCTION AND METRIC

Suppose I' is a finitely generated group and p is a probability measure on I' so
that the associated random walk is irreducible and transient. The Green function
G :T xT' — R is defined by

Gla,y) = > pw™(@'y) =D palz,y),
n=0 n=0

where ;1*Y = diq. Since the random walk is transient, G is finite everywhere (see
Proposition [25.2)).
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Observation 28.1. Let G, := G(-,y) : ' — R. Then

0 if
(PuGy — Gy)(z) = {1 ifz i :Z :

Hence x — G(z,y) is superharmonic.

Proof. Note
z) =Y ulg)G(zg,y) ZZM Mol ly) =)t ()
gerl n=0g€el n=0
= G(z,y) — p (" "y). O
Let

p(z,y) := Pr(a random walk starting at = visits y).

Observation 28.2.
p(z,y) = Sloo)
70T G(id,id)

Proof. Since p(x,y) = p(id, v~ 1y) and G(z,y) = G(id, v~ 'y), we can assume z = id.
Further, p(id,id) = 1 and so we can assume y # id.
As usual let X,, denote the n*"-step of the random walk starting at the identity.
Then define subsets
A, ={g: X;(g) =y at least n times},
B, :={g: Xmn(g) =y and X,(g) # y when n < m},
Cp ={g:X;(g) =id at least (n + 1) times (including j = 0)}

Then
A, = |_|7Tm X Cn_1
and so
B(An = n 1 Z,u 77m m
Further,

1d y Zﬁ m Z,ll@m(?TmBm).

Finally, arguing as in Prop051t10n 252
> B(AL) = palid,y) = G(id, y) — po(id, y) = G(id, y)
n=1 n=1

and

Y B(Ch) = palid,id) = G(id, id).
n=0 n=0

The Green “metric” is defined by

_ _ G(z,y)
dg(x,y) = —logp(z,y) = —log Ghd.id)
Since

p(z,y) > p(x, 2)p(z,v),
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we have
dG(l’,y) < dG(‘TVZ) + dG(Zay)
for all z,y,z € T

Example 28.3. Suppose I' = (Z, +) with u = %5_1 + %61. Then

So for any n > 1,

Hence dg(0,n) = 0 for all n > 1.

Lemma 28.4.

(1) If dg(x,y) = 0 and dg(y,z) =0, then x = y. Hence, if the random walk is
symmetric, then dg is a metric on T'.
(2) If T is not isomorphic to Z and dg(x,y) =0, then z = y.

Proof. (1). Suppose x # y and dg(z,y) = dg(y,z) = 0. Then
Pr(returns to id) > p(id, 2~ y)p(z ™y, id)
=p(z,y)p(y,z) =1,

which contradicts the fact that the random walk is transient. So (1) is true.
(2). We prove the contrapositive: If

Z:={g:dg(id,g) = 0,9 #id} = {g: p(id, g) = 1,9 # id}
is non-empty, then I is isomorphic to Z.
We first show that every element of Z has infinite order. Suppose not. Fix g € Z
with g" = id. Then
Pr(X,, returns to id) > p(id, g)p(g, ¢°) ---p(g" ", id) = p(id, g)" = 1
which contradicts the fact that the random walk is transient. Thus the claim is

true.

Fix a € Z with |a| ) minimal. Then

supp(p
t := Pr(X,, visits a before any other element of Z) > 0.

So if b € Z \ {a}, then
1 =p(id,b) < tp(a,b) + (1 —t).

So p(a,b) =1 and hence a='b € Z.

Next we claim that Z C a. Suppose not. Then fix b € Z with b # a™ for all n.
Then a=™b € Z for all n > 1. On the other hand, since a has infinite order, when
n is sufficiently large we have

Pr(X,, visits b before a™) > 0.
Then arguing as above, we must have p(b,a™) = 1. Then
Pr(X,, returns to id) > p(id,a™"b)p(a~"b,id) = 1 - p(b,a™) = 1,
which contradicts the fact that the random walk is transient. Hence Z C a.

Finally we claim that T' = a%. Since supp(u) generates I' it suffices to fix s €
supp(p) and show that s € a”. Since s € supp(u),

Pr(visits s before a) > 0
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and hence p(s,a) = 1. Thus s 'a € Z. So s~ 'a € a, which implies that s € a”. 0O

Proposition 28.5. Suppose dg is a word metric on I'. If u has finite support and
T" is non-amenable, then there exist A > 1, B > 0 such that

A_l dS(xvy) -B< dG(:Evy) < AdS(xvy) + B
forallz,yeT.

Proof. Since x — G(z,id) is superharmonic, by Harnack’s inequality there exists
A1 > 1 such that:
AL "5 G(id, id) < G(z,id)
for all z € T'. So
G(y~'z,id)
G(id,id)
= (log A1) ds(z,y) — log G(id, id).
By Corollary there exist C; > 1 and 0 < Ay < 1 such that
p () < C1Ay

for all n > 0 and « € T'. Further, if F' := supp(p), then

p(x) =0

dg(z,y) = —log < (log A1) ‘x_ly‘s —log G(id, id)

when n < |z|,. So

. *n n Ciay
G(id, z) = g w(x) < Cy E Ay = 11_2)\2 .
n=0

n=|z|p

Let Cy := maxyer |g|g. Then |z|g < Cs |z|, and so

G(id, z 'y _
da(z,y) = _logé(id,id)) > (—log A2) |x 1y’F - B
—log Ao
> d - B
= 02 S(ajay)

where B := log u_d’m

Part 5. The Martin Boundary
29. THE MARTIN BOUNDARY

Suppose I' is a finitely generated group and p is a probability measure on I' so
that the associated random walk is irreducible and transient. Recall that the set

ST :={f: f is p-superharmonic, f >0, and f(id) = 1}
is compact with the topology of pointwise convergence.

Define K(z,y) = g((ifi’z/))' Observation implies that

K(,y)es™

and hence the set {K(-,y) : y € I'} is relatively compact with respect to pointwise
convergence. The Martin boundary, denoted 0jT, is the set of all functions f :
I' — R where f = lim,,_,o, K(+,y,) for some escaping sequence {y,} in I.
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Observation 29.1. The set fM := ' U dyT admits a topology which makes it a
compactification of I, i.e. the inclusion I' — ™ isa topological embedding with
dense image and fM is a compact metrizable space. Further:
(1) A sequence {z,} C T converges to f € Oy if and only if {x,} is escaping
and K(-,z,) — f pointwise.
(2) {fn} C OuT converges to f € Oy if and only if f, — f pointwise.

(3) The left action of I" on I' extends continuously to an action on T where
I' acts on 9y T by

fog™!
9-f=""="
flg™h)
(4) For any x € T, the function K(z,-) : I' = R extends continuously to

K(z,-) TV & R<o where
K(‘Tv f) = f(x)
when f € OpT.

Proof. Enumerate I' = {g,}. By Harnack’s inequality, there exists C,, > 0 such
that

f(gn) < Cn
for all f € ST. Then define a distance py on ST by
po(fi, f2) = Z onC |f1(gn) = f2(gn)| -
n=1 n

Then define a distance p on ™ by
P(gns gm) = max{27", 27" }0m (n) + po(K (-, gn), K (-, gm))
p(gn7 f) = p(.ﬂ gn) =27" + pO(K('agn)» f)

p(f1, f2) = po(f1, f2)-

Check that this has all the desired properties.
O

We will prove that any non-negative harmonic function can be realized as a
convex combination of elements in the Martin boundary.

Theorem 29.2. If h: T — [0,00) is p-harmonic, then there exists a measure vy,
on Oy I such that

(7) h = fdvi(f).
auT

To obtain a unique measure, we need to consider a subset of the Martin boundary.
First a non-negative py-harmonic function h is minimal if whenever 0 < v < h and
u is p-harmonic, then v = Ch for some C € [0,1]. Then the minimal Martin
boundary is

O¥InT := {h € 9T : h is minimal g-harmonic}.

We will show that for every pu-harmonic function h, there exists a unique measure vy,
on 03T realizing Equation (7). Of particular importance is the measure v := 1,
corresponding to the constant 1 function. This measure has the following properties.

Theorem 29.3.
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(1) v is a stationary measure supported on O T.
(2) For B-almost every g,

lim g -+ gn
n—00

exists in Oy I and if A C Oy is measurable, then
I/(A):Pr(lim g1 Gn EA).
n— o0
(3) Given ¢ € L=(0yT,v), let

H, = / Fo(N)dv(f).

The map ¢ — Hy is an isomorphism L™ (0yT,v) — H™ (T, ).

30. EXISTENCE OF A REPRODUCING FORMULA

Suppose I is a finitely generated group and p is a probability measure on I' so
that the associated random walk is irreducible and transient.
In this section we prove Theorem [29.2

Theorem 30.1. If h : T' — [0,00) is u-harmonic, then there exists a measure vy,
on Oy I such that

h = fdl/h(f)
oyl
Moreover for any such measure P, f = f for vj-almost every f.

30.1. Potentials and the Riesz Representation Theorem. A function u :
I' = [0,00) is a potential if
u="3 G(yky)
yel
where k : T' — [0,00). Since each G(-,y) is superharmonic, any potential is super-
harmonic.

Theorem 30.2 (Riesz Representation Theorem). If u : I' — [0,00) is superhar-
monic, then

u=_ G(.yk(y)+h
yel
where k,h > 0 and h is harmonic. This decomposition is unique, k = u— P,u, and
h =lim,_, Pju.

Proof. Since P,u < u, we have P:}‘Hu < Pju for all n. Thus h := lim,,_, Plu
exists. Further, by the monotone convergence theorem,

Pyh= lim Pyt 'u=h.

n—oo

So h is harmonic. Then

m—1 m—1
u= P+ Z Plu— Pty = Plu(z) + Z P} (u— Pyu)
n=0 n=0

=Pru+y z_: Pa(yy)(u — Puu)(y).

yeTl n=0
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Then sending m — 400, we obtain
u=h+Y G(yky)

yel

where k = u — Pyu and h = lim,,_, P[ju.
For uniqueness, suppose
u = Z G(-,y)ko(y) + ho
yel’
where kg > 0 and hg is a non-negative harmonic function. Since P,G(-,y) =
G(-,y) — 0y, then
u(x) — k(xz) = Pyu(zr) = u(z) — ko(z).

Hence k = kg, which implies that h = hy. (Il

Corollary 30.3. If u,v : I' = [0,00) are superharmonic, v is a potential, and
u < v, then u is also a potential.

Proof. Notice that
0< lim Plu< lim Pjv=0.

n— oo n—00

O

30.2. Proof of Theorem Suppose h : I' — [0,00) is harmonic. Fix finite
sets S1 C Sy C ---T" such that I' = US,,. Define

hp(z) := min < h(x ZGmy

YyESn

Then, since G > 0, we have h,, — h pointwise. Further, n}_ ¢ G(v,y) =
> _yer G(z,y)nls, (y) and hence is a potential. So by Corollary each h, is

a potential. So
hyy = Z G(zy)k
yel
for some k,, > 0. Then

x):ZK(:my) (id, y)k / K(z,y)dvn(y)

yel
where v, =3 1 G(ld, Y)kn(y)dy. Notice that
= G(id,y)kn(y) = hn(id) < h(id).
yel

—M
Let vj, be a weak- limit of {v,,}. Since h,, — h pointwise and K (z,-): ' — R is
continuous, we have

h@) = [, K(y)dly ZGldy WD+ [ J@an().

™ omT

Since h is harmonic and G(-,y) — P,G(-, y) = &y,

0= hie) ~ Pubta) = G4 [ fo) - Puf@am(f) = k.



RANDOM WALKS ON GROUPS 75

Thus v, has support in 91" and so

h = fdl/h(f)

Om T

h:/ fdr
61\/[F

for some measure \. Fixing z € T,
Oz(h—P#h)(z):/ (f—=P.f)(x)dA <0
tovas
and hence (f — P, f)(z) = 0 for A\-almost every f. Thus f — P, f = 0 for A-almost
every f.

Now suppose that

31. ALMOST SURE CONVERGENCE OF RANDOM WALKS

Suppose I is a finitely generated group and p is a probability measure on I' so
that the associated random walk is irreducible and transient.

Let W = I'V and for = € T" consider the probability measures P, on W which
satisfies

Py ((wn) : w1 =y1,. s Wi = Ym) = 5r(y1)u(y1_1y2)u(y2_ly3) T N(y;zlflym)'
So

Py ((wn) : wy = y)
represents the probability that a random walk starting at x with step distribution
u is at y at after m steps. Also note that
Pig = wi

where w :  — W is the map

w(g) = (id, g1, 9192, 919293, - - - )-

Remark 31.1. Notice that Q and W coincide as sets, but we use different letters
since € represents the steps of a random walk and W represents the locations of a
random walk.

It will be helpful to consider more general random walks. Given a positive pu-
harmonic function A : T' — (0,00), we define a family of probability measures
{P"} yer on W by

Ph(w = (wn) t w1 = Y1, Win = Ym) = %%(m)u(yllyz)u(yzlm) o (Y Ym)-

This records the statistics for the random walk starting at  where the step distri-
bution at location z is given by

h(y)
Wﬂ(z

Notice that, since h is p-harmonic, we have
h(y) -1
77 =1
> Ry M)
yel

for all x € T'. Hence each ]P’Z is indeed a probability measure.

“ly).
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Theorem 31.2. Suppose h is a positive u-harmonic function. For PZ—a.e. (wy) €
W the limit

lim w,
n— o0

exists in I' " and is in O3, Moreover, if vy, is a measure on 03" such that

= [ dn)

then
1
ho g —
P, (nlgrolo Wy € A) = @) /Af(z)dyh(f)
for all measurable subsets A C O T.

The rest of the section is devoted to the proof of the theorem, which is adapted
from [Saw97].
We first observe the following convexity result.

Proposition 31.3. Suppose h is a positive p-harmonic function and vy is a mea-
sure on Oy I such that

h = fdl/h(f)

oyl
Then for any measurable subset B C W, we have

P! (B)h(x) = / PL(B) f(x)dn(1)-
olvas

Remark 31.4. By Theorem vp-a.e. f is p-harmonic and so ]P’Z: is well-defined

vi-a.e.

Proof. Notice that the right side defines a Borel measure on W supported on {z} x
I'N. Hence it suffices to consider sets of the form B = {(z,y1,...,y,)} x . In
this case,

PL(B)h(x) = plx ™ y)p(yr ' y) -+ iyt yn) B(yn)

and

/ PL(B)f(x)dvi(f) = Flym) (e y)ulyr  y2) - w(ynt yn)dvs (f)
omT omT

= ple ™yl My2) - Yy yn)h(yn)
since [ fdvy(f) = h.

The key lemma is the following.
Lemma 31.5. If h € 0T, then

lim w, =h
n—o0

for P-a.e. (w,) € W.

Assuming the lemma for a moment, we prove Theorem [31.2)
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Proof of Theorem[31.9 Let
B = {(w,) € W: lim w, exists and is in 97 "T'}.
n—oo
Then by the Lemma and the Proposition,

P! (B)h(z) = / PY(B) f(x)du(f) = /8 - fa)dn () = hz).

ol

This proves the first assertion. For the “moreover” part, fix a measurable subset
A C 0y"I'. Then

( lim w, € A) = 1/3MF ( lim w, € A) f(x)dvp(f) = 1/3MF 1a(f) - f(z)dvn(f)

n— 00 ( n—00 h((p)
/ fdvn(f
O

31.1. Proof of Lemma Fix h € O%"I". Tt suffices to fix r > 0 and a metric
p on I generating the topology7 then show that

v(z) = P" ((wy,) : p(wn, k) > r for infinitely many n)
is identically zero.
Lemma 31.6. v=0orv=1.

Proof. The proof is somewhat complicated: we first show that v - h is y-harmonic,
then use the minimality of h to show that v is constant, then show that v is either
0or 1.

Let E := {(wy) : p(wy,h) > r for infinitely many n}. Then E = Uzer{z} X E

and so
v@) = PA(E) =3 %u(zly) Ph(E) =Y ,’jgfgmwy)v(y»

Thus v - h is py-harmonic.

By definition 0 < v < 1. So 0 < v-h < h. Since h is a minimal harmonic
function, we then have that v is constant. Let v = c.

Fix € > 0 and z € T". By the definition of the product sigma algebra, there exists
a finite disjoint union F' = LIC; where P"(FAE) < € and each C; has the form

Ci = {(yi,la- . ayz,nb)} X FN'
Then C;NE = {(yi1,---,Yin;)} X E and so

PLFNE)= ZPhCmE Z hym) 2y ) - 1y yn,) Py, (B)
—ZIP" i)e=P(F)c.
Notice that

PY(FNE) > PME)-PYFAE) > c—e and P!F)<PYE)+P"(FAE) < c+e.
So

c—e<(c+e)c.
Since € > 0 was arbitrary, we then have ¢ < ¢2, which implies that ¢ € {0,1}. O
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Now it suffices to assume that v = 1 and obtain a contradiction.

Lemma 31.7. If F C T is finite and 7r(w) = inf{n : w, € F}, then there exists
a function k : F — [0,00) such that

h(z) Py (tp < +00) = ) G(a,y)k(y)

yer
Proof. Let u(zx) = h(z) P"(rp < 400). Then

u(z) = Pyu(x) = h(z) Py(rr < +00) = > p(x~'y) f(y) By (rr < +00)
yel’

= h(zx) (]P’g(wn € F for some n > 1) — P"(w, € F for some n > 2))
= h(x)1p(z) PL(w, ¢ F for all n > 2) > 0.

Hence u is p-superharmonic and u — P,u has support in F'. Using the Riesz Rep-
resentation Theorem (Theorem [30.2) it suffices to show that Pju — 0 pointwise.
Notice that

Pru()= > plyr) -y yn)blyn) Ph (76 < +00)
Y1,5--Yn €L

= h(z) P"(wy, € F for some k > n +1).

One can show that

h(z) P! (wy, € F for some k >n +1) < (mea? h(y)> P, (wy, € F for some k > n+ 1).
y

Hence by the transitivity of the original random walk, we have P/'u — 0 pointwise.
O

Lemma 31.8. There exists a measure vy supported on {f € OuT : p(f,h) > r}
such that

h = deo(f)

81\/11—\
Proof. Fix finite sets F; C F5 C --- such that

UFnz{yEF:p(y,h) >r}=:F.

By the previous lemma, for each n, there exists a function &, : F,, — [0,00) such
that

h(2) Ph(rs, < +00) = 3 Gla,y)ka(y):

yeF,
Consider the measure v, =3 . G(id,y)kn(y)dy on ™. Notice that
=M . . .
() = 3 Glidw)kn(y) = Y Glid,y)kn(y) = h(id) Pig(7r, < +00) < 1.
YyeEF, YyeEF,

So we can pass to a subsequence and suppose that v,, — 1 in the weak-* topology.
Since the original random walk is transitive, vy is supported on 9y I'. Then, by
construction, vy is supported on {f € O T : p(f, h) > r}.

Notice that 7z, N\, 7. Further, since v = 1, P"(rp < +00) = 1. So

1 =P rp < +00) = lim P!(7p, < +00).
n—o0
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o =M
Then by the continuity of K(z,-) : I — [0,00), we have

h(z) = lim h(z)P!(rp, < +o0) = /FM K(z,)dv, = ; Ff(x)dl/o(f). O

n— oo

Notice that

L=h(id)= [ fld)dvo(f) = vo(@uT),
oy
So 1 is a probability measure. Then, since f € %I, we must have vy = ;.
However, this is impossible since v is supported on {f € Iy : p(f,h) > r}. So
we have a contradiction.

32. UNIQUENESS OF THE REPRODUCING FORMULA

Suppose T is a finitely generated group and p is a probability measure on I' so
that the associated random walk is irreducible and transient.
Our goal this section is to prove the following theorem.

Theorem 32.1. If h : T' — [0,00) is p-harmonic, then there exists a unique
measure vy, supported on O T such that

(8) h= /8 R

Recall that the set
ST :={f: f is p-superharmonic, f >0, and f(id) = 1}

is compact with the topology of pointwise convergence. In fact ST is a compact
convex set in a reasonable vector space (the vector space of sequence R" with the
product topology). So if £ is the set of extreme points of ST, then by Choquet’s
theorem for any u € ST there exists a probability measure v, with 1,,(€) = 1 such
that

u= [ sin(s)
We start by relating £ and 93 T.

Lemma 32.2. Suppose h : T' — [0,00) is a p-harmonic function with h(id) = 1.
Then h € € if and only if h € 0% .

Proof. Assume h € €. Suppose 0 < u < h where u is harmonic. If u =0 or u = h,
then v = Ch for some C' € [0,1]. So we can assume that u and h — u are not

identically zero. Then u(id) and (h — u)(id) are non-zero. So whay (hf;% est.
Further,
U h—u
h=u(id)—— + (1 —u(id)) —————-
ulid) gy + (1~ el =560
Since h € &, then h = &5 = %. Thus v = u(id)h. So h is minimal. By
Theorem , h= f@MF fduvy, for some measure v, on OyI'. Since
1= h(ld) = f(ld)th = / dl/h = Vh(aMF)
61\/1F BIWF

we see that v, is a probability measure. Since 9" C ST and h € £, we must have
v, = dp,. Hence h € Oy T and so h € 93 "T.
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Assume h € 8]‘{141“I‘. Suppose h = tu; + (1 — t)ug for some uy,ug € ST. Then
0= (h — Puh) = t(u1 — Puul) + (1 - t)(’LLQ — PH’LLQ) >0
which implies that wuq,us are harmonic. Then by minimality and the fact that

h(id) = u;(id) = uz(id) = 1, we see that h = u; = ug. Thus h € £.
O

Proof of Theorem[32.1 Suppose h : I' — [0,00) is harmonic. If h = 0, then the
zero measure is the unique measure satisfying Equation . So suppose h is not
identically zero. Then by scaling we can assume that h(id) = 1. Then h € ST and
so there exists a probability measure v, supported on £ such that

h = / fdvn(f).
£
Notice that
0= (h=Fub)@) = [ (f = Puf)(@)in () = 0
and so vp-almost every f is harmonic. Thus, by the lemma, vy is supported on
R
Now by Theorem for any measurable subset A C 9%"I" we have

1 . e
() = 560 /A F(d)duvn(f) = Py (JEEO wy € A) :
Hence v, is unique. ([l

33. A STATIONARY MEASURES ON THE MARTIN BOUNDARY

Suppose T is a finitely generated group and p is a probability measure on I' so
that the associated random walk is irreducible and transient. In this section we
prove Theorem [29.3]

Since 1 is p-harmonic, by Theorem [32.1] there exists a unique probability mea-
sure v supported on 9% T such that

11" = fdl/
Om T
Theorem applied to the function h = 1 immediately implies part (2) of
Theorem [29.3] We prove the other two parts in the next two lemmas.

Lemma 33.1 (Theorem m part (1)). For every g € ', the measures g.v, v are
absolutely continuous and
dg.v

dv
Moreover, v is a stationary measure.

(f) = 1 (9)-

Proof. Since T' maps 9%"T to "I, we have supp(g.v) C 9T, Further,

dgov [ o dv [ fogt flgTh) [ ag o oa
/ff<g>/gf<g~f><g>/f<g—1>f<g—1g>d = [ feq v =1pog™ <1

So by uniqueness, dv(f) = ﬁdg*z/(f).
Since v-almost every f is harmonic,
d(p*v dg.v .
WD) () = 32 ) (1) = 3 o) (9) = S(ia) = 1

dv
gel’ gel
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almost everywhere. Hence p % v = v and so v is stationary. a
Lemma 33.2 (TheoremMpart (3)). Given ¢ € L>®(OmI,v), define Hy : ' = R
by

Halg) = [ F@)o(Hv ).
The map ¢ — Hy is an isomorphism L= (OyT,v) — H™ (T, ).

Proof. We first check that ¢ — Hy maps L>®(0yT',v) into H(I, u). Fix ¢ €
L>*(0mT, v). Since

Hy(g) = / F(@)é(f)dv(f)

and v-almost-every f is harmonic, using Fubini we see that H, is harmonic. Also,
since 1p = [ fdv, we have

ol ==l [ fav < Ho < 0l [ 1= [l

Thus Hy € H*(T, ).

Onto: Fix h € H*(T', ). By replacing h with ah + b for some a,b € R, we
can suppose that 0 < h < 1. By Theorem [32.1] there exists a unique measure vy
supported on 9% T" such that

h = / fdvp.

Likewise, there exists a unique measure v;_j, supported on 9% T such that

l—h:/fwkh

Now, by uniqueness, v = vy + v1_p. Hence vy, 11— < v and so dv, = ¢1dv,
dvi_p = ¢odv for some @1, > 0. Then ¢1 + ¢po = 1 and so 0 < ¢; < 1. Then
h=Hgy, and ¢1 € L>®(0yT,v).

One-to-One: By the uniqueness in Theorem ¢ — H is one-to-one on the
subset of non-negative functions. Suppose Hy, = Hy,. Let ¢ = max{||¢1||  , || P2/ }-
Then

Hg,1c = Hp, + clr = Hg, + clp = Hg, yc.
Since ¢1 + ¢, g2 + ¢ are both non-negative, then ¢; + ¢ = ¢2 + ¢ and so ¢1 = ¢a.
O

Part 6. The Martin Boundary of a word hyperbolic group
34. ANCONA’S ESTIMATE

Suppose I' is a non-elementary word hyperbolic group, dg is a word metric on I,
and X is the Cayley graph associated to X and S. The Gromov compactification
of T' is

T =T UdgX.
This compactification of I" is independent of the choice of S, see [BH99, Chapter
ITL.H].

Next suppose that p is a finitely supported probability measure on I' so that the
associated random walk is irreducible. Our goal over the next several sections is
to prove that the Martin compactification associated to p is homeomorphic to the
Gromov compactification. This result is originally due to Ancona [Anc88, [Anc87],
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but the proof we provide is based on work of Gekhtman—Gerasimov-Potyagailo—
Yang [GGPY21].

We start by observing that it suffices to show that the Green’s function is coarsely
sub-multiplicative along geodesics in X.

Proposition 34.1 (Ancona). Assume the Green function has the following prop-
erty: for every R > 0 there exists C = C(R) > 1 such that

G(z,2) < CG(2,y)G(y, 2)

whenever x,y,z € I' and y is in the R-neighborhood of a geodesic segment joining
x to z.
Then the identity map I' — T extends to a homeomorphism
M =g
r —1.

Remark 34.2. Recall that
G(z,y)
G(id,id)
represents the probability that a random walk starts at x and visits y. Hence we

always have
(9) G(z,y)G(y, z) < G(x, 2)G(id, id).
The rest of the section is devoted to the proof of the proposition.
Lemma 34.3. Every element of Oy is harmonic.
Proof. Fix f € OyT and an escaping sequence {y,} C T with K(-,y,) — f. Since
o has finite support, P,K (-, y,) = P,f. Then f is harmonic, since
1

PMK('7y):K("y)+m6y' U

Lemma 34.4. If K1,Ks C I are disjoint compact sets, then there exists C' =
C(K1, K2) > 0 such that

K(z,y) < CG(z,id)
forallz e K1NT andy € KoNT.

Proof. By the visibility lemma (Proposition there exists R > 0 such that
any geodesic joining a point in Ky NT to a point in Ky NT intersects Br(id). Let
C = C(R) > 0 satisfy Proposition Then if x € K1 NT and y € Ky N T, then
id is the R-neighborhood of a geodesic joining x to y. Hence

K(z,y) = m < CG(z,id).
O

Recall, that — log G(z, y) is quasi-isometric to the word metric (Proposition [28.5))
and so
lim G(z,id) = 0.

T—r0o0
Lemma 34.5. If {z,} C T converges to f € Oy T and {x,} converges to & € OgT’,
then
lim f(z2) =0
z—n

for allm € OgT distinct from &.
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Proof. By the previous lemma, there exists C = C(n) > 0 such that
lim f(z) = lim lim K(z,2,) < C lim G(z,id) = 0. O
z—=n

z—n Z—+1 N—00

Lemma 34.6. If {z,} C T converges in fM, then {x,} converges in . Hence,
the identity map I' — T' extends to a continuous map

F.T 5T
Proof. Suppose the first assertion fails. Then there exist {z,},{y,} C T such that

TnyYn = [ €O, xp = & € 0al, yp — & € Ogl, and & # &. If n € OgI, then
either n # & or n # &;. So by the previous lemma

lim f(z) =0.

z—n
Since f > 0 and

lim f(z) =0
for all n € OgI', f must obtain its maximum value. Then since P,f = f and the
random walk is irreducible, f must be constant (check!). Since lim,_,, f(z) = 0 for
any n € dgI', we must have f = 0. However, by definition f(id) = 1 and so we have

a ContradictionMThus gthe first assertion is true.
Define F: T — T by

T ifxzel
F@) =93 lim y ifzecoyl:

I'sy—x

The first assertion implies that F' is continuous (check!).

Lemma 34.7. If € € OgT', then
F~(¢) = ConvHull(F~1(¢) N oynT).
Proof. Fix h € F~1(£). Then
h= /fdyh

for some probability measure v, supported on 9%, Tt suffices to show that

vn(F71(€) = L.
Then it suffices to fix a closed set A C 9y where AN F~1(¢) = () and show

that v, (A) = 0. Let
h/ = / deh.
A

Then A’ < h. By Lemma there exists C' > 0 such that

lim A/ (z) = lim [ f(z)dv, < lim CG(z,id) = 0.
r—E€ z—=€ J A rz—E€
However, if n # £, then by Lemma [34.5] applied to h,
lim A/ (y) < lim h(y) = 0.
y—n y—n
Thus k' realizes its maximum and hence is constant. Thus A’ = 0 and so v (4) =

B (id) = 0.
O
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Lemma 34.8. F is injective and hence a homeomorphism.

Proof. Tt suffices to fix £ € 9gT" and show that F~1(€) is a single point. Recall that
X is a Cayley graph of I". Fix a geodesic ray ¢ : [0,00) — X with £(0) = id and
[(] = & Then fix {m;} C N such that m; — oo and K(-,{(m;)) — ho € OuT.

Claim: F~1(£) N 9T = {hg} and hence
F~1(¢) = ConvHull(F~1(£) N O%»T) = {ho}.

By the previous lemma there exists some h € F~1(£) N OB . Fix a sequence
—M —

{yn} converging to h in I' . Then y, converges to £ = F(h) in I‘g. Let £, be

a geodesic joining id to y,. Then passing to a subsequence we can suppose that

0, — €. Then [f] = ¢ = [¢] and so
R :=supd(£(t), £(t)) < +oo.

>0
Fix j and fix n sufficiently large so that
d(l(m;), l,(m;)) < R+ 1.
Then ¢(m;) is in the (R + 1)-neighborhood of ¢,, and hence
G(id, yn) < CG(id, £(m;))G(E(m;), yn)
for some C' > 1. By Equation @
G(,yn) > G(id,id) ™ G(x, £(m;))G(E(m;), yn)

and so
Ga,yn) _ G(id,id) "Gz, (my))G(L(my), y) _ G(id,id)""

= > - ).

K9 = Gl yn) =~ CORL Lm,)G(Umy). vn) oKt
Then sending n — oo,
1
Then sending j — o0,
1
h(z) = GGG ho(z)

for all z € I.
Since h is a minimal harmonic function and h(id) = 1 = ho(id), we have h = hy.
Then F~1(¢) N 0T = {ho}. Thus the claim is true.
(]

35. VISUAL METRICS

Suppose X is Gromov hyperbolic. For z,y,0 € X, the Gromov product of x,y
based at o is

(sly)o = 5 (A(,0) +d(0,y) — d(z,)).

Using the Gromov product, we define a metic on XY First we extend the Gromov
product to X7« x° by taking limits. For &, n € Jg X, define

(Eln)o = sup {nm sup (xn|yn>o}

n—oo
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where the supremum is taken over all sequence (x,), (y,) C X with z,, — £ and
yn — . Next, for £ € 9gX and = € X, define

(€[2)o = (2]6)s = sup {“T?f;ip (yn|x>o}

where the supremum is taken over all sequence (y,,) C X with y, — &.
Next fix € > 0 sufficiently small and define D,, : XX 5 [0, 00) by

N—-1
Dv(x, y) = inf { Z ef(Ii|iEi+1)o}
=0

where the infimum is taken over all finite lists zg,...,xy in Yg with g = z and
rn = y. Finally, define D, XXX o [0,00) by
57) (x7 y) = min {6 d(x7 y)’ D’l) (:B? y)}
where d(z,y) = +o0o when z € 9gX or x € 9gX.
Theorem 35.1. For any o € X and € > 0 sufficiently small the function D, is a

metric on Yg which generates the standard topology. Moreover, there exists C > 1
such that: If x,y € X, then

Cle= <o < D, (z,y) < Ce W),

The proof is somewhat involved and for details one can look at [DSUIL7, Section
3.6.2].

35.1. Geometric meaning of the Gromov product. The Gromov product has
the following geometric meaning.

Proposition 35.2. Suppose X is §-hyperbolic and z,y,0 € X.

(1) If £ is a geodesic segment joining x to y, then

d(o,€) — 20 < (x]y)o < d(o,?).
(2) If £y, Ly are geodesic segments joining o to x,y respectively and
T :=max{t > 0:d({,(t),¢,(t)) < 26},
then
T'—6<(zly)o<T+56.

Proof. (1). If u € £, then

2(z[y)o = d(z,0) +d(0,y) — d(z,y) = d(z,0) + d(0,y) — d(z,u) — d(u,y)

< 2d(u,0).

So (z]y)o < d(o, ).

Let £, be a geodesic segment joining o to x and let ¢, be a geodesic segment
joining o to y. Since ¢ C N5(¢;) UNs(¢,) and £ is connected, there exists a point
u € ¢ such that

u € Ns(ly) NN 5(Ly).
Pick 2’ € £, and ¢’ € ¢, with
d(a!,u), (Y, u) < 6.
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Then
(1‘70) + d(07 y) - d(l‘,y)
(JJ, x/) + d(l‘/, 0) + d(07 y/) + d(y/a y) - d(l‘, u) - d(”) y)
> =25 +d(2',0) +d(o,y’) > —46 + 2d(o,u).
Hence (z|y), > d(o,£) — 24.
(2). If d(€,(t), £, (t)) < 26, then
2($|y)o = d(iL’, 0) + d(O, y) - d(l’,y)
=2t +d(z, L (t)) + d(£,(t),y) — d(z,y)
> 2t — 26.

2(x|y)o =d
d

So (z|y)o > T — 0.

If (z|y)o < 6, then (z|y)o < d 4+ T. So we can assume that (z|y), > . Then fix
t:= (x|y)o — 0. Let £y, be a geodesic joining x to y. Then there exists v € £, N ¥y,
such that

d(l,(t),v) < 4.
We claim that v € ¢,. If not, then v € ¢,, and
d(0,4gy) < d(o,v) < d(0,€5(t))+0=1t+06=(z|y)o < d(0,lsy)
and so we have a contradiction. So v = {,(s) for some s > 0. Then

|t = s| < |d(0, £2(t)) — d(0, £,(s))| < d(£x (1), £y(s)) <6

and so
d(l(t), £, (1)) < |t — s| +d(£y(s), £y(t)) < 26.
Thus T >t = (z|y), — 9.

36. ESTABLISHING ANCONA’S ESTIMATES

Suppose I' is a non-elementary word hyperbolic group, S is a finite symmetric
generating set, X is the associated Cayley graph, and dg is the associated word
metric on I'. Let pu be a finitely supported probability measure on I' such that the
associated random walk is irreducible.

In this section we verify Ancona’s estimates and hence show that the Martin
and Gromov boundary coincide. The arguments that follow come from recent
work of Gekhtman-Gerasimov—Potyagailo-Yang [GGPY21] concerning the Martin
boundary of relatively hyperbolic groups.

Given a finite list 7 = (71,...,7,) of elements of T, let

w(r) o= J AT plr i) i > 1
1 if n=1.

A list is admissible if w(7) > 0, i.e. TJ717j+1 € supp(p) for all j.

For z,y € T, let P(z,y) be the set of finite lists starting at « and ending at y.

Then
Glx,y)= > w().

TEP(z,y)
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Hence we can define a measure Pr, , on P(z,y) by

1
Pr,,(A) = e ;wm.

Theorem 36.1. There exists Ry > 0 such that: if z,y € T and z € T is in a
geodesic segment joining x to y, then
Pry (7 : 7N Bp,(2) #0) > 1/2.
As a corollary, we can verify Ancona’s estimates.

Corollary 36.2. For every R > 0 there exists C = C(R) > 1 such that if x,y,z € T
and z is in the R-neighborhood of a geodesic segment joining x to y, then

G(z,y) < CG(z,2)G(2,y).
Hence by Proposition the identity map I' — T extends to a homeomorphism
™o T
Proof of Corollary. By the theorem

G(z,y) <2 Z w(T) <2 Z Z Z w(m)w(72)

TEP(z,y) WEBR4 Ry (2) T1EP(z,w) T2€P(w,y)
TNBR+ Ry (2)#0

=2 Z G(z,w)G(w,y).
wEBR+R0 (Z)

Now, w — G(w,y) is p-superharmonic and w — G(z,w) is fi-superharmonic, where
i(g9) = u(g~1). Hence by Harnack’s inequality, there exists C; = C1(R + Rp) > 0
such that

Glz,y) <201 > Gl(x,2)G(z,y) = 2C1 |Brir,(2)| Gz, 2)G(2,y).
wWEBR+ Ry (2)

Since the word metric is I'-invariant, | Br4 g, (#)| only depends on R+ Ry (and not

|

36.1. Proof of Theorem The idea is to show that long paths have low
probability and show that paths that do not intersect Br(z) must be long.

Lemma 36.3. There exist 0 < ¢ <1 and A > 0 such that: if v #y, then
Pr,, (7 : Length(r) > M) < pM~4ds@y),

Proof. For t € R consider the (possibly divergent) power series

Gi(x,y) =Y _t"pulx,y)-
n=0

Recall from Example [26.4] that I' is non-amenable and so by Theorem [26.12] the
spectral radius satisfies

p(p) < 1.
Further, the spectral radius satisfies

p() == lim sup py, (, )™

n—oo
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(see Observation [26.9). Then G; converges when [t| < p(u)~! and for such ¢ the
function x — G¢(z,y) is superharmonic (check!).
Fix t € (1, p(p)~1). Then

1 & 1 =
Pry (7 : Length(r) > M) = G(z,y) Z pu(7,y) < Gz )t M Z t"pn(z,Yy)
Y =M Y n=M
Gt(xuy) —M
< 4
= Gzy)

Then, by Harnack’s inequality, there exists A > 1 such that
Gi(Y,Y) 24 -M Gi(Y,Y) 2 ds @) M
Pr, (7 : Length(r) > M) < —222 \2ds(@y)y < [ 22l M
el ") ) G(y,y) G(y,y)

Now let ¢ := 1/t and A := — log, (%v) O

Fix € > 0, D,, and D,, as in Section Then there exists C > 1 such that
O le—<@y)ia < Dy(z,y) < Ce~€&@lv)ia

for all z,y € X.

For r > 0 let

— 1
E.(z) := {y el :ds(id,y) < r and D,(z,y) < r} .

Then let Q,(z,y) C P(x,y) be the set of admissible lists that intersect both of
Es,.(x), Eo-(y) but do not intersect at least one of E,.(x), E,(y).
Observation 36.4. If x,y € T" are distinct, then

{r € P(x,y) : 7 admissible and 7 N Br(id) = 0} C U Qamp(z,y).

m=0
Proof. Fix 7 € P(z,y) admissible with 7 N Bg(id) = (). Then
7N (Er(z) U ERr(y)) C 7N Br(id) = 0.

Further, © € Eomp(z) and y € Eomg(y) when m is sufficiently large. So there exists
a minimal m > 0 such that

TN E2m+1R(.’L’) 7& @ and TN EQerlR(Z') ?é Q)

and with this choice 7 € Qam g(x,y). Thus the first assertion is true.

Lemma 36.5. There ezists a function h: (0,00) — [0,00) such that
(1) lim, o0 M = 400
(2) If z,y € T are distinct, id is contained in a geodesic joining x to y, u €
Es-(z), and v € Ea2.(y), then any admissible list joining u to v that does
not intersect E,.(x) or E.(y) has length at least h(r).

Proof. Since id is contained in a geodesic joining = to y, we have

(sly)ia = 5 (d(a,id) + d(id, ) — d(z,)) =0

Further,  # y and so
dS (ZL’, y) 2 1.
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Then
D, (x,y) = min {eds(x,y), C’_le_e(mly)‘d} > min{e, C71}.

Further, by symmetry, it suffices to consider an admissible list 7 joining u to v that
does not intersect E,(x).

Case 1: Assume 7N B,.(id) = (). Let L be a path in the Cayley graph obtained by
joining successive elements in 7 by a geodesic. Let T := maxesupp(u) |9lg- Then
LN B,_r(id) = 0 and Length(L) < TLength(7).

If L=(y1,---,7%m), then

ﬁv(7j77j+1) S Dv(vj7’7j+1) S Ce_f(’)’j|’¥j+1)id = CC_S/Q(dS(’”’id)+d5(id77j+1)—ds(’7j7"/j+1)

< Cefg(rfTJrrfol) < Cge™ "

where Cy := CeT+¢/2. Further,

— — — — 1
D, (u,v) > Dy(z,y) — Dy(x,u) — Dy(v,y) > min{e, O} — 22—.
T
So
1_ N
min{e, C'}— ZD s Yj+1) < CoLength(L)e™" < CoTLength(r)e™"
r
Thus

Length(7) > <min{e,Cl} - 1) CytT e,
r

Case 2: Assume 7N B, (id) # 0. Let u’ € 7 be the first point of intersection of 7

with B, (id). Since ' ¢ E,(z), we have D,(uv/,z) > 1. Hence
— — — 1 1 1
D, "y > Dy(u',2) — Dy(u,2) > - — — = —.
(u,0/) > Dy, 2) - Dfu,2) > - — = L

Then, arguing as in Case 1,

1
o S Dy, (u,u") < CoTLength(r)e ",
r
Thus
1
Length(r) > ﬂCng_le".

Hence in all cases, 7 has length at least
11
h(r) = max {O, min {min{e, c1y— - 2}} CytT e,
When r is sufficiently large,

1p—1
hr) = G5 T

and so lim,_, hgf) = 400. O

Lemma 36.6. If z,y € I are distinct and id is contained in a geodesic joining x
to y, then

Pro., (Q(z,y)) < @M =447,



90 RANDOM WALKS ON GROUPS

Proof. Let Ql.(x,y) C Qr(x,y) denote the lists that intersect Ea,.(x) before Ea,(y).
Then for 7 € Q.(z,y) we can write 7 = (71, u, 72, v, 73) where 71N (E,.(2)UEs,.(y)) =
0, u € Ea.(x), v € Far(y), and 73 N Ea-(y) = 0. Since 7 does not intersect E,.(x
or E.(y), we also have
Length(u, 72, v) > h(r)
and since u, v € Fa.(x) U FEa,(y) C Ba,(id), we have dg(u,v) < 4r.
Then

1
Py, (Q(z,y)) = Gley) Z w (71, u)T (U, 72, 0)73(V, T3)
’ T=(71,u,T2,v,73)€Q".(2,y)

Let P’(x,y) be the lists that intersect both Fs.(z) and Fs.(y), and intersect
Ey.(x) before Ea.(y). For 7 € P'(x,y), we can write 7 = (11, u,72,v,73) in the
same way except that 7o has no constraints. Thus by Lemmas and

PI“Ly(Q;«(a?, y) < ¢h(r)_4Ar Prw,y(P/(,ny)).
The lemma then follows after a similar analysis applied to the paths intersecting

Es,.(y) before Ea,.(x). O
Fix Ry > 1 such that
h(Rot)
>4A+2

Rot *

for all ¢ > 1 and
R(] 1
¢ 1
1—¢@¢ho ~ 2

Lemma 36.7. Ifx,y € I' and z is contained in a geodesic joining = to y, then

Pr, (1 € P(x,y) : TN Br,(z) #0) < %

Proof. By translating by z7!

lemmas,

, we can assume that z = id. Then by the previous

Pro (1 € P(x,y) : 7N Br,(id) # 0) < Y Pry y(Qamr, (2,y))

m=0
o0 oo RO 1
R(2™Ro)—2"+2 ARq 2" Ry (m+1)Ro _ _ 9 -
<> < 3¢ g 3 goom - 0 L
m=0 m=0 m=0
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